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Abstract. We prove a decomposition tiieorem for irreducible components of Grass- 
mannians of submodules, as well as for other schemes arising from representation the- 
ory, thus generalising the result of Crawley-Boevey and Schroer for module varieties. 
The method is based on jet space calculations, using that the formation of direct sums 
induces a separable morphism of schemes. 
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1. Introduction 

In [n] Crawley-Beoevy and Schroer proved an important generalisation of the work 
of Kac and Schofield on general properties of quiver representations, extending them to 
finite-dimensional modules over any finitely-generated algebra (associative and unital, but 
not necessarily commutative). More precisely, let K be an algebraically-closed field and 
A a finitely-generated if-algebra. Then there is a scheme rep^ together with an action of 
GLd such that, for each field extension L/K, the GLrf(L)-orbits on rep^(X) are in bijection 
with the isomorphism classes of d-dimensional modules over A ®k L. Taking the direct 
sum of modules yields a 'direct sum' morphism 

8: Ghd+e X repA x rep^ ^ rep^"'"^ 

so given irreducible components X C repj^ and Y C rep^, we can construct their 'direct 
sum' to be the irreducible subset 

IcWY := &{GU+e xX X y) C rep^+'= . 

Crawley-Boevey and Schroer proved a decomposition theorem for the irreducible compo- 
nents of each rep^, showing 

(1) every irreducible component can be written as a direct sum of irreducible compo- 
nents whose general representation is indecomposable, and this decomposition is 
essentially unique. 

(2) the direct sum X ®Y oi two irreducible components is again an irreducible com- 
ponent if and only if the general representations for X and Y have no extensions 
with each other. 
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Of course, there are many other interesting schemes arising from the representation 
theory of algebras. For example one can consider quiver Grassmannians, or more generally 
flags of submodules of a fixed module, which in turn have applications to cluster algebras 
[5] (the Laurent polynomial describing a cluster variable from a given acyclic seed can 
be written using Euler characteristics of quiver Grassmannians) and quantum groups and 
Ringel-Hall algebras [2:^)] (when expanding a product of the generators in terms of the basis 
of root vectors, the coefficients can be written in terms of the number of rational points 
of quiver flag varieties over finite fields) . One can also consider those flags with specified 
subquotients, and thus the schemes of A-filtered modules over a quasi-hereditary algebra. 
Another example might be the zero sets of homogeneous semi-invariants for quivers [22]. 

Importantly, in all these examples, we again have an analogue of the direct sum mor- 
phism. It is therefore a natural question to ask whether the results of Crawley-Boevey 
and Schroer can be extended to these other types of schemes. 

In this article we answer this question for four such types of schemes, including the 
schemes rcp^ studied in [8] , Grassmannians of submodules in Section 7 and more general 
fiags of submodules in Section 8. Our methods are slightly different than those of Crawley- 
Boevey and Schroer, though, in that they are based on the fact that the direct sum 
morphism O: GLd+e xA" xY^ repj^*^ is always a separable map. 

For Grassmannians of submodules, the theorem reads as follows. 

Theorem. Let K be algebraically closed, A a finitely-generated K-algebra, and write 
A(2) C M2(A) for the subalgebra of upper-triangular matrices. Given a A-module M 
we define the projective scheme 

GrA (^^^ {R) := {U e Gik (^^^ {R) -.U < R®k M is an R ®k A-submodule}. 

Then 

(1) the direct sum of representations yields a separable morphism 

6: AutA(M © TV) X GrA (^^^^ x GrA (^^) ^ GrA (^1^+ f 

(2) every irreducible component o/GrA (^^) can be written uniquely (up to reordering) 
as a direct sum X — Xi © • ■ • © A"„, where M = Mi©- • -©Mn and d = di + - ■ ■+dn, 
and each Xi C GrA (^^') is an irreducible component such that for all Ui in an open 
dense subset of Xi, the corresponding A{2)-module (Ui C Mi) is indecomposable. 

(3) the direct sum X Q}Y <Z GrA (^^®^) of two irreducible components X C GrA (^^) 



Y C GrA (^) is again an irreducible component if and only if, for generic 
([/, y) G A x y, the corresponding K(2)-modules {U C M) and {V C N) have no 
extensions with each other. 

In fact, in the first part of the paper we discuss the following general situation. Suppose 
we have smooth, connected group schemes i7 < G, an action of G on a scheme y, and 
an iJ-stable irreducible subscheme X d Y . Associated to this we have the morphism 
O : G X A — >■ y, and we are interested in understanding when the image of O is dense in 
an irreducible component of Y . 

There is an easy sufficient criterion for this using deformation theory (compare [8, 
Lemma 4.1]): suppose we have an open, irreducible subset U C G x X such that, for every 
field L and every commutative diagram 

SpecL > Spec L[[t]] 



G X X > Y 
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if the image of Spec L ^ X lies in U, then there exists a morphism Spec — > X making 
the two triangles commute. Then the image of 8 is dense in an irreducible component of 
Y. 

We show in Theorem 3.6 that the converse holds whenever Q is separable. Moreover, 
we provide in Theorem 4.10 some sufficient conditions under which such morphism will 
be separable. This result covers all the cases we investigate in this paper, and should be 
applicable quite generally. 

1.1. Overview. We now describe the various sections of the paper in more detail. 

We begin by collating some results about schemes, including tangent spaces, and more 
general jet spaces, and separable morphisms. In particular, we include Greenberg's The- 
orem, Theorem 2.4, which together with the Theorem of Generic Smoothness allows us 
in Corollary 2.9 to compute the tangent spaces T^X^cd in terms of the jet spaces of X, 
at least generically. We also prove an interesting characterisation of when a field exten- 
sion is separable in terms of iterated tensor products Theorem 2.11, which geometrically 
corresponds to taking iterated fibre products Theorem 2.12. 

In Section 3 we study a morphism of schemes f : X ^ Y and provide in Theorem 3.6 
a sufficient criterion involving jet spaces for the image of an irreducible component of X 
to be dense in an irreducible component of Y , which is necessary whenever / is separable. 
We also show in Proposition 3.7 that every irreducible component of a Noetherian scheme 
has a subscheme structure such that all the jet spaces agree generically on the irreducible 
component. 

We finish the first part by discussing group scheme actions in Section 4. Suppose we 
have a group scheme G acting on a scheme X, and let tt: X ^ F be a morphism of 
schemes which is constant on G-orbits. We begin by showing in Proposition 4.1 that tt 
is a geometric quotient if and only if it is a quotient in the category of all locally-ringed 
spaces, thus generalising [10, Proposition 0.1]. We also show that if tt is a quotient in the 
category of faisceaux, then it is automatically a universal geometric quotient. We then 
recall several results about when such quotient faisceaux exist and what properties they 
inherit, such as smoothness, affineness, faithful flatness and reducedness. We also provide 
a result which allows us to identify associated fibrations. Lemma 4.5, and prove that all 
all principal G-bundles are necessarily quotient faisceaux. Lemma 4.6. 

We also discuss the particular situation we are interested in, where we have smooth, 
connected groups H < G, an action of G on a scheme Y, and an ff-stable subscheme 
X C Y. In this situation we may consider what are essentially the fibres of the conormal 
bundles to the orbits: given an L-valued point x € X ioi some field L, we have Nx.x ■= 
T^X/T^ OrhHix) and similarly Ny,x ■= T^Y/Tx Ovhaix). The morphism Q: G x X ^Y 
then induces a linear map 9x- Nx.x Ny,x- We describe in Theorem 4.10 sufficient 
conditions involving Ox for O to be separable. 

In the second part of the paper we apply these ideas to four types of schemes arising 
from representation theory. We begin in Section 5 by considering again the schemes rep^, 
as studied by Crawley-Boevey and Schroer. We also discuss its generalisation to the case 
where we fix a complete set of orthogonal idempotents in the algebra A. We then have 
the subscheme where we fix the ranks of the images of these idempotents, and also the 
subscheme where we fix the images themselves, and show that these two constructions are 
related via an associated fibration. This is analogous to the considerations in [3, 11], but 
note that there they assume that A is finite dimensional and that therefore the algebra 
splits as a semisimple subalgebra together with the Jacobson radical. This does not hold 
in general, so we need a different proof. Our approach is in fact based on a formula for the 
determinant of a sum of square matrices. Lemma 5.10, which may also be of independent 
interest. 

In Section 6 we consider subschemes of the rep^ parameterising those representations 
X such that dimIIom(X, A/) = u is fixed, for some given module M. Extending this to 
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more than one module M, and taking the dual result for dimHom(Af, X), one obtains 
(stratifications of) many types of subschemes. For example, if A has a preprojective 
component, then one may consider those modules whose preprojective summand is fixed; 
fixing syzygies of the simples, one may consider those modules having fixed projective 
dimension; for the path algebra of a quiver without oriented cycles, one may also construct 
the zero sets of semi-invariants in this way. 

We study Grassmannians of submodulcs in Section 7, via their construction as a quo- 
tient for an action of the general linear group. We also study the smooth and irreducible 
subschemes given by fixing the isomorphism type of the submodule, and provide a crite- 
rion for such a subscheme to be dense in an irreducible component of the Grassmannians, 
Lemma 7.12. This can be seen as an analogue of the easy consequence of Voigt's Lemma, 
that if a module has no self-extensions, then the closure of its orbit is an irreducible com- 
ponent of the representation scheme, Lemma 5.8. We also compute several examples of 
quiver Grassmannians, showing that they can be generically non-reduced, and providing 
the decomposition of their irreducible components. 

We finish with a brief discussion of flags of submodulcs. Our main observation here is 
that we can regard flags of A-modules of length m as a special case of a Grassmannian 
for A(m)-modulcs, where A(m) is the subalgcbra of upper-triangular matrices in M[,„(A). 
Thus all the result for flags follow immediately from the results for Grassmannians. 

Acknowledgements. This work was written whilst visiting the University of Bielefeld 
under the support of the SFB 701. I would especially like to thank Henning Krause for 
inviting me to Bielefeld, Dieter Vossieck for bringing the article of Greenberg [l.'S] to my 
attention, and Julia Sauter, Greg Stevenson and Markus Perling for interesting discussions. 

2. Schemes 

We will mostly use the functorial approach to schemes, regarding them as covariant 
functors from the category of if-algebras to sets, for some base field K . Our basic reference 
will be the book by Demazure and Gabriel [9]. Given a scheme X and a if-algebra 
R we denote by X{R) the set of i?-valued points of X, which by Yoneda's Lemma is 
identified with the natural transformations Spec R —?' X. We call X{K) the set of rational 
points of X. If L/K is a field extension, then we can change base to obtain an L-scheme 
X^ ~ X XspccK SpecL; note that if R is an L-algebra, then X^{R) = X{R). 

If a; G X{R), then each algebra homomorphism R ^ S yields a point G X{S). In 
particular, for a field L, each x G X{L) yields a closed subscheme xcX^. Let f : X 
be a morphism of schemes (so a natural transformation of functors). If y G Y{L)^ then 
the fibre f~^{y) is the fibre product oi X^ and y over F^, so is a closed subscheme of X^; 
this has i?-valued points (for an L-algebra R) those x G X{R) such that f{x) = y^. 

2.1. The relative tangent space. Let K be a field and X a X-schcme. For a field L 
and point x G X{L) we define the (relative) tangent space at x via the pull-back 

T,X > {x} 

X{Di) > X{L) 

where Di := L[t\/{t^) is the L-algebra of dual numbers. 

To relate this to the description of X as a locally-ringed space, note that if i? is a local 
algebra, then elements of X{R) can be described as pairs consisting of a point x G X 
in the underlying topological space together with a local homomorphism of i^-algebras 
Ox.x R- Thus X G X(L) corresponds to some local homomorphism x: Ox,x L, 
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and an L-linear map x + ^t: Ox.x Di is a i^-algebra homomorphism if and only if 
£, '■ C>x,x — i is a X-derivation (with respect to x). This gives the alternative description 

= {/^-linear Ox,x ^ L : ^(ab) = ^{a)x{b) + x{a)^{b)}. 

In particular, T^X is naturally an L- vector space. If / : X — >■ y is a morphism of schemes, 
then the map on Di-valued points restricts to a differential 

d,/: T,X^Tf(,)Y. 

In terms of derivations, this is just given by composition with the local homomorphism 
Following [!), I §4, 2.10] write 

^X/k{x) := ^Ox../K ®Ox,x '«M> 

where „/k is the module of Kahler differentials. Then we can also express the tangent 
space as 

T^X = Hom„(^)(0A7x(x),i), 
It follows that if X is locally of finite type^ over K, x G X{L), M/L is a field extension, 
and x' := x^ £ X{M), then T^,X = M (g>L T^X. For, f2x//<(x) is a finite-dimensional 
K(x)-vector space, and hence the natural embedding 

M (g)L Hom^,,)(l]x/K(x), L) ^ Rom^(^^{nx/K{^), M) 

is an isomorphism. Thus by ['), I §4 Proposition 2.10] and ['), I §3 Theorem 6.1] we have 
for all X & X{L) that 

diniL TxX = dim^(x) VIx/k{^) > dim^ X dim Ox,x + tr. deg^^ k(x) 

with equality if and only if x is non-singular, in which case we also say that x is non- 
singular. 

Finally, let us compare the relative tangent space to the Zariski tangent space 

T>f"X := Hom^wKK, k(x)). 

Given x g X, let a; : Ox,x k(x) be the canonical homomorphism. Each ^ € Derj^ (Ox.x, «^(x)) 
induces a K(x)-linear map mx/m^ — k(x) and so yields an exact sequence 

~¥ Der;f(K(x), k(x)) ^ T^X T^^'X. 

If moreover k{x)/K is separable, then the surjective algebra homomorphism Ox.x/^x ^ 
k{x) splits (in other words, Ox.x/tTix has a coefficient field containing K [18, (28.1) Propo- 
sition]), and hence T^X T^^^X is surjective. In this case also Dcr/^ (k(x), k(x)) ^ k(x)'', 
where d = tr.deg^K(x), by [18, (27. B) Theorem 59], giving 

n{xf T^X T^'^'X 0. 

we deduce that if k{x)/K is separable, then x is non-singular if and only if dim(mx/tnx) = 
dimOjf.xj which is if and only if Ox,x is a regular local ring. 

As a special case we also see that T^X = T^^^ whenever k{x)/K is a separable algebraic 
extension (for example if x is a rational point). Thus, given any x G X(L), we can regard 
a; as a rational point of X^, say corresponding to x € X^, in which case T^X = T^^'^X^. 

Note that ii f : X Y , \ G X and y = /(x) S Y, then k(x) is a field extension of K(y). 
We obtain a K(x)-linear map 

(my/m^) ®^(y) k(x) ^ nxx/m^. 



A morphism f : X Y is locally of finite type if the preimage of every open affine Spec AinY can 
be covered by open affines Spec _B in X such that each corresponding algebra homomorphism A B is of 
finite type. We say / is of finite type if we can cover the preimage of Spec A by finitely many such open 
affines Spec B. 
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and hence an induced map 

Hom«,(x)(mx/m^,K(x)) Hom^(y) (my/iTiy , k(x)). 

Thus we only get a differential on Zariski tangent spaces under the assumption that k(x) = 
k{y). In other words, the relative tangent space is functorial, unlike the Zariski tangent 
space. 

2.1.1. The tangent bundle. 

Lemma 2.1. Let X be a scheme, and suppose we are given for each open ajfine U <Z X an 
Ox{U) -module Mjj, compatible with localisation; in other words, for each open affine U 
and each f G Ox{U) we have an isomorphism res^^^^ : Mii^Ox(U]^x{D{f)) ^ ■^'^D(f) of 
O x{D{f)) -modules such that res^^^^^ = res^|^|^j ores^^^^. Then there is a quasi- coherent 
sheaf Ai on X such that Ai{U) = Mjj for all open affines U C X. 

Proof. Given two open affines U,V C X and an open subset W C U CiV, we can find 
/. e OxiU) and g, G OxiV) such that D{f,) = D{g,) C and = \J^Dif^)■ This, 
together with the compatibility condition, implies that for each x G X the open affine 
neighbourhoods of x form a directed system, and hence we can define the stalk M^- We 
can now define M{W) on any open subset C X to be those (sx) & Yl^eu which 
are locally given by an element in some Mjj. It is easy to see that this defines a sheaf on 
X, and that we may identify A4{U) = Mjj for each open affine U C X. □ 

We can use this lemma to construct first the sheaf of Kahler differentials on X, and then 
the tangent bundle. For each open affine U C X, let ^Ox{u)/k be the C'x(C^)-inodule of 
Kahler differentials, and let Sym' {nQ^f^uyx) be its symmetric algebra. By the respective 
universal properties it is clear that these constructions arc compatible with localisation, 
in the sense of the lemma. It follows that there are quasi-coherent sheaves ^x/k ^-nd 
Sym'{nx/K) satisfying ^x/KiU) = ^Ox{u)/k and Sym" (17jf/^)(C/) = Sym" 
for all open affines U C X. 

Since Sym' {^Ix/k) is a sheaf of Ojf -algebras, we may define the tangent bundle TX to 
be the associated scheme TX :— SpecSym'(r2x/i<')- This comes with a natural morphism 
tt: TX X, whose restriction over an open affine U corresponds to the structure mor- 
phism OxiU) — > Sym'(ri(p^(y)/;f ), and hence tt is an affine morphism. If L is a field, then 
{TX){L) = X{Di), so consists of pairs (x,^) such that x G X{L) and ^ G T^X. Hence 
TxX is just the fibre of TX — >■ X over the point x. 

Note that \i X = Spec A is affine, then TX = Spec Sym' (fi^/;^-), and so TX{R) is the 
set of algebra homomorphisms Sym'(ri^/^') — > R, which we can identify with the set of 
algebra homomorphisms from A to R[t]/{t'^). 

We remark that TX is in general not locally trivial, but following [I'l. 16.5.12] we will 
still refer to it as the tangent bundle. 

2.1.2. Upper semi-continuity. A function / : X — > Z is said to be upper semi-continuous 
provided that for all d there exists an open subset U C X such that /(x) < d if and only 
if X G [/. Equivalently, for any x G X{L) we have f{x) < d if and only if a; G U{L). 

Proposition 2.2 (Chevallcy [14, Theorem 13.1.3]). Let f : X ^ Y be a morphism of 
schemes, with f locally of finite type. Then the function x n> dimx /~^(/(x)) is upper 
semi- continuous on X . 

Corollary 2.3. Let X be a scheme and V C X x A" a closed subscheme. Write tt: X x 
A" — > X for the projection onto the first co-ordinate, and write Vx '■— 7r^^(a;) C L" 
for the fibre over x G X{L). If each Vx is a cone, so contains zero and is closed under 
multiplication by L, then the function x dimT4, is upper semi- continuous on X. 



Proof. Combine with the morphism X ^ V, x [x, 0). 



□ 
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For example, if X is locally of finite type over then the function x i— > divaTxX is 
upper semi-continuous. For, the question is local on X, so we may assume X = Spec(^) for 
some iiT-algebra A of finite type, and if A is generated by n elements, then TX C X x A" 
is closed. 

2.2. Jet spaces. Jet spaces are generalisations of tangent spaces, where we now consider 
D^-valued points for Dr := L[[t]]/(t''+i) and r e [0, oo\. Note that ^ L, Di ^ L[t]/{t'^) 
is the algebra of dual numbers, and Doo = L[[t]] is the power series algebra. We have 
unique algebra homomorphsims Dr — ^ -Ds whenever r > s, and -Doo = ^m^ 13,.. 

The set of ZJ^-valued points X{Dr) is called the space of r-jets, and we again consider 
the pull-back 

ri'-'x > {x} 



X{Dr) > X{L). 

As for tangent spaces, an element of X{Dr) for r G [0, oo] can be thought of as a pair 
consisting of a point x G X together with a local if -algebra homomorphism Ox,x Dr- If 
r is finite, then every such map vanishes on m^"*"^, so it is enough to give Ox,x/'^x^^ ~^ ^r- 
Moreover, if X is locally of finite type over K, then Ox,x/''nx'^^ is a finite-dimensional K- 
algebra and so Xx{Dr) is an afhne variety over L. 

Grccnbcrg's Theorem below allows one to restrict attention from Z^oo-valucd points to 
Dr-valucd points for r sufficiently large. 

Theorem 2.4 (Greenberg [ l o]). Let A be a K-algebra of finite type. Then there exist 
positive integers c, s and N > c(s -I- 1) such that, for all r > N and all ^ G (Spec 
the image of ^ in (Spec A) [D^r/c]- s) a point in (Spec J4)(Z?oo)• 

We will not need such tight bounds, so observe that by doubling TV and c we may 
assume that s = 0. 

(r) — (^) 

The natural map Dr Di induces a map Tx X TxX. We write X for its 

(r) 

image. If X is locally of finite type, then this map is the restriction to X of a linear 
map, and hence the X form a decreasing chain of constructible subsets, even cones, of 
the tangent space. We will show that this chain stabilises, and generically on X the limit 
wiU be TxX^cd- 

A commutative local if-algebra [A, m) is said to be formally smooth over K provided 
it satisfies the infinitessimal lifting property: given a commutative X-algebra R and a 
nilpotcnt ideal iV, every algebra homomorphism ^: A — > R/N whose kernel contains some 
power of m can be lifted to an algebra homomorphism ^ : ^ — > i?. If ^ is Noetherian, 
then formally smooth implies regular, with the converse holding whenever K is perfect 
[18, (28.M) Proposition]. 

Proposition 2.5. Let X he a K -scheme and x G X{L). Then 

¥r^X C {yr^^X C T,X,ed C TxX. 

r 

If x: Ox,x L and (Cx,x)rcd formally smooth over K, then we have equalities 

¥r^x=f]T^:^x=TxX,^,. 

r 

Proof. Since the constructions are local it is enough to prove the corresponding statements 
for a local ring {A,m). Let i^: A ^ Di = L[t]/{t'^) be a local algebra homomorphism, so 
^(m) c (t). 

If ^ can be lifted to ^ : A — > D^o, then a fortiori it can be lifted to each A ^ Dr. This 
proves that Ti°^^ X C f],.?'!''^- 
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Now suppose that, for each r > 2, the map ^ : A Di can be hfted to some £,r- A ^ Dr- 
We want to show that ^ factors over the reduced rmg A/m\{A)] that is, <^(a) = for all 
nilpotent elements a £ A. Suppose a™ = 0. We must have ^(a) = at for some a G L. 
Then ^m(a) = at + ■ ■ ■ , so = Cm(a'") = Hence a = 0, so a € Ker(^) as required. 

This proves that flr^i'^^^ ^ T^^^rcd- 

Finally, suppose that A^^d is formally smooth. Then we can lift any ^: ^icd Di to 
then to -D3, and so on, and thus to an algebra homomorphism ^ : A-^^d ~> £'00 = lim 13,.. 

This proves that T^X^^d C ''^rcd whenever (C'A'.x)rcd is formally smooth. □ 

Corollary 2.6. Let X he a scheme, locally of finite type over K. Then for each x there 
exists an N such that t\^^ X = T^°°^X. In particular each T^^^ X is constructihle inside 
the tangent space. 

If X is of finite type over K, then we can take the same N for all x. 

Proof. Take an open affine neighbourhood Spec A of x. Take N and c as in Grccnberg's 
Theorem. If r > and ^ £ t'^^^ X, then we can lift ^ to an element S T^^^ X, and we 
can find i £ T^°°'^ X such that i = ir & T^^'^'^^^X. Since [r/c] > 1 we have ? = | G T^X. 

Thus C e ri'^^x. 

If X is of finite type over K, then we can cover X by finitely many open affine sub- 
schemes Spec^i. For each of these we have Ni and q as in the theorem. Now take 
r = max{7Vi}. □ 

We note that some finitcncss condition on X is essential. For, consider 
A := K[si, S2, S3, • • ■]/{sl,sl, S3, . . .) 
and take x: A ^ K, Si H> 0. Then 

ri'^ Spec A = {(eO e : = for i < r}, 
so the Spec ^ form a strictly decreasing chain. 



In a similar vein we have the following result. 



(2)- 



Lemma 2.7. Let X be a scheme, locally of finite type over K. Then the set T^ X is 

always a closed subvariety ofT^X, whereas X is in general only constructihle. 

Proof. After changing base we may assume that a; is a rational point. Restricting to 
an open affine neighbourhood, we may then take A — K[si, . . . , Sm]/ ifii- ■ ■ , fr) and 
x: A K , Si ^ 0. Write fi in terms of its homogeneous parts 

fi — ^ ^ 9ip^p ^~ ^ ^ hipqSpSq -\- ■ • • . 
p p<q 

Set G = (gip), an r X TO matrix over K. Moreover, choosing an ordering for the pairs {p, q) 

with p < q, we can consider H = (hipq) as an r x (™^^) matrix. 

Now, an algebra homomorphism ^: A — > Di extending x is determined by Sp 1— )■ £,pt such 

that ^(/i) = 0, so by a vector (^p) e IC" such that G(^p) = 0. This identifies T^ Spec^ 

(2) 

with Ker(G'). Similarly, ^ G Spec A if and only if there is a vector (77^) S iC™ 

such that Sp 1-^ S^pt + rjpt^ defines an algebra homomorphism A — > D2. This is if and 

only if G{rip) + H{S,pS.q) = 0, and we can solve this inhomogeneous system if and only if 

(2) 

rank(G, if(^p^q)) < rank(G). This proves that Spec A is closed; in fact, it is cut out 
by quadrics. 

On the other hand, consider A ~ K[s, t, u]/ (st — u^) and the point x: A ^ K , (s, t, u) H' 
(0, 0, 0). Then Spec A = and T^^^ Spec A = {(C, i], C) : = 0}, but 

pfx = {(c, 77, 0--£.v = 0, (e, ri) ^ (0, 0)} U {(0, 0, 0)}. 
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□ 

We now show how the spaces X can be used to compute the tangent space T^X^^d- 
This rehes on the Theorem of Generic Smoothness [!), I §4 CoroUary 4.10]. 

Theorem 2.8 (Generic Smoothness). Let X be a reduced scheme, locally of finite type 
over a perfect field K . Then the set of non-singular points in X is open and dense. 

Corollary 2.9. Let X be a scheme, locally of finite type over a perfect field K . Then for 

all X in an open dense subset of X we have T^X^^.^ = 'x for all r sufficiently large. 

In particular, X is generically reduced if and only if, for all x in an open dense subset 
of X , we have T^^"^ X = T^X for all r sufficiently large. 

Proof. For all x we have ^ X = T^^ ^ X when r is sufficiently large, whereas Generic 

Smoothness implies that T^X^cd = 2^1°° ^ foi' ^ in ^-n open dense subset. Finally, X 
is generically reduced if and only if T^X = T^X^^d on an open dense subset. □ 

2.3. Separable morphisms. A scheme X is called integral provided it is both irreducible 
and reduced, and a dominant morphism f : X ^ Y between integral schemes is called 
separable whenever K{X)/ K{Y) is a separable field extension. More generally, if X is 
integral and f : X ^ Y is a morphism, then / is separable provided f : X f{X) is 
separable, where f{X) is the scheme-theoretic image of /. 

Theorem 2.10. Let f : X ^Y be a dominant morphism between integral schemes which 
are locally of finite type over K. Write n := tv .deg K [X) / K {Y) for the relative degree. 
Then there exists an open dense U <Z X and integers d > n and e such that 

dim^ Kci{dxf) — d and dim^ Coker(d3;/) = e for all x G U{L). 

Moreover, 

(1) / is separable if and only if d = n. 

(2) / separable implies e = 0, and the converse holds whenever K is perfect. 

Proof. The question is local, so we may assume that we have an embedding of domains 
A ^ B, both of finite type over K. Consider the first fundamental exact sequence for 
Kahler differentials [18, (26.H) Theorem 57] 

B ®A ^A/K ^B/K ^A/K ^ 0. 

Thus, given x: B ^ L with L a field, we can apply HomB(— ,i) to obtain the exact 
sequence 

RouiBi^B/A, L) -> Homs(rjB/A', L) YiovnAi^A/K-, L), 
and the right hand map can be identified with the differential 

dxf '■ Tp Spec B — > Spec A. 

All the modules are finitely generated over i3, so by the Theorem of Generic Freeness 
[18, (22. A) Lemma 1] we can localise B to assume that each of these is free of finite rank 
over B. The dimensions of 

Ker(d^/), Tp Spec B and T^(^,)SpecA, 

and hence also of Coker(c?a;/), are then all constant on an open dense subset of SpecB. 

It follows that we can compute these generic values by calculating them for the generic 
point of Spec B. Let L and M be the fields of fractions of A and B, respectively. Tensoring 
the first fundamental exact sequence with M yields 
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Thus the kernel of the differential has dimension dimj\/ ^m/l and the cokernel has dimen- 
sion 

dimM VLm/l - dimM JIaz/a' + dimL VLl/k- 
By [18, (27. B) Theorem 59] we know that 

d :~ dimM ^m/l ^ tr.dcg M/L = n 

and 

dimAf ^MjK > dimL ^l/k + n 
with equality in either case if and only if M/ L is separable. This proves (1) and the first 
part of (2). 

Conversely suppose that K is perfect. Then M/K is separable, so dimiljv,//K = 
tr.deg Af/if, and similarly for L/K. If moreover e = 0, then 

d\T[vVLM/L = tr.dcg A//A' — tr.dcg L/iiT = tr.deg M/L = n, 

whence Af/L is separable. □ 

We observe that the converse in (2) is not true in general. For example, let k have 
characteristic p > 0, and set K = k{t) and L = k{u), together with an embedding K ^ L, 
t I— !• uP. Then X ~ SpecL and Y = Specif are both non-singular and L/K is purely 
inseparable, but T^X = L and TyY = so the differential is surjective. 

Also, the dimension of the cokernel is not upper semi-continuous. For, consider the 
projection from a cuspidal cubic to a line in characteristic two 

f: X = Spec K[s,t]/ {s'^ -t^) ^ = Spec K[tl {a,b) ^ b. 

Then T(^a,b)X = {($,?7) : brj = 0} and df is the projection onto the second co-ordinate. 
Thus df is surjective at the origin and zero elsewhere (so e = 1). 
We next prove a nice result about separability of field extensions. 

Theorem 2.11. A field extension L/K is separable if and only if the n-fold tensor product 
]^®K^ _ ^ (g,^ . . . ]^ jg reduced for all n. If L/K is finitely generated, then there exists 
N such that L/K is separable if and only if L^^-^ is reduced. If L/K is algebraic, then 
we can take N ^ 2. 

Proof. If L/K is separable, then by definition we know that L ®k A is reduced for all 
reduced if-algebras A. Conversely, suppose that L/K is not separable. Then there exists 
an intermediate field L' which is a primitive extension of a finitely-generated, purely 
transcendental extension of K and such that L'/K is inseparable. It is enough to prove 
that is not reduced for some n, and hence we may assume that L = L' . 

Let p = char(iir) > 0, and assume L = K{xi, . . . , Xd) such that F ~ K{xi, . . . , Xd~i) 
is a purely transcendental extension of K. Let Xd have minimal polynomial / over F. 
Clearing denominators we obtain an equation X]r=i '^i'^i ~ with A.^ G K and each Ui a 
monomial in xi, . . . , Xd. 

If some ai is not ap-th power, then some Xj occurs in ai with exponent not divisible by p, 
and hence Xj is separable algebraic over K{xi, . . . , Xj , . . . , Xd), a contradiction. Therefore 
we can write ai = for all i. 

Set R := F^K^ and S := L®^". Given x e L, write a;(j) = x ® e S. 

Then R is an integral domain and S = i?[Ti, . . . , r„]/(/(Ti), . . . , /(T„)) via the map 
Tj I— !■ x'^J^ Thus is a free i?- module with basis the monomials (2:^^'')™^ • • • (2:^"'')™" for 
< TOi < deg(/). 

Consider now the nxn matrices M = {af'') and M = (sp'), having coefficients in S. 
If X = detM, then detM = x^- Also, since A^a^ = 0, we know that detM = 0. On 
the other hand, using the Leibniz formula for det M, together with the basis for S' as a free 
i?-module given above, we know that det M ^ 0. Thus x G 5" is a non-trivial nilpotent 
element, so S* = L'^k^ is not reduced. 
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If L/ K is finitely generated, we can write L = . . . , Xe) witli F / K purely transcen- 

dental. Then L/ K is separable if and only if each F{xi) is separable over K , and hence 
there exists some TV such that L/K is separable if and only if L'^k^ is reduced. If L/K 
is algebraic, then it is well-known that L/K is separable if and only if L ®k L is reduced 
(see for example [7, §5.5 Exercise 11], but note that it is falsely claimed in that exercise 
that N ~ 2 works even for non-algebraic extensions). □ 

As an example, let a,/? e K \ such that a^/^,/?^/^ are p-independent over A', so 
[K{a^/P,l3^/P) : K] Then K is relatively algebraically closed in L = K{x)[y]/{yP + 

axP + /3). Now L®K L®K K{a^/P,x), where a^/P = -(y^^) _ 2^(i))/(a;(2) -a;(i)), so 
is reduced, whereas L ®k L ®k L = L ®k K{a^lP, x) ®k K{a^/P, x) is not reduced. 

The theorem above leads to the following geometric criterion for separability. 

Theorem 2.12. Let X he a locally Noetheriar? integral scheme and f: X ^ Y a mor- 
phism, locally of finite type. Then there exists an integer n such that f is separable if and 
only if the n-fold fibre product U^^^ is reduced for some open dense U C X . 

Proof. If Z is the scheme-theoretic image of /, then X X = X XzX, so we may assume 
y = Z, and hence that / is a dominant morphism between integral schemes. Now / is 
separable if and only if K{Y) is a separable field extension of K{X), which by the previous 
theorem is if and only if i(r(X)'*^'C^)" is reduced for some sufficiently large n, using that 
K{Y) is finitely-generated over K{X). 

We may replace X and Y by an open affines, since this will not affect the function 
fields. We have therefore reduced to the case when ^ ^ B is an inclusion of domains, 
with B Noctherian and of finite type over A. Let A and B have quotient fields L and 
M, and observe that M^^-" is a localisation of B®-*". Thus, if the latter is reduced, 
then so is the former and hence M/L is seperable. Conversely, if M/L is separable, then 
M®^" is reduced, and hence the nilradical of B'^^" is killed upon localisation. Since the 
n-fold tensor product is Noetherian we can take a single element killing all the generators. 
Replacing B by some distinguished open affine we see that is itself reduced. □ 

The next proposition shows that jet spaces behave well for separable morphisms. 

Proposition 2.13. Let f: X ^ Y be a separable, dominant morphism, locally of finite 
type, between integral schemes. Then Tx^^X T^^^J^^Y is surjective for all r e [l,oo] and 
all X in an open dense subset of X . 

Proof. The question is local on X, so we may assume that we have a monomorphism 
A ^ B oi finite type between integral domains. Let A and B have quotient fields L 
and M respectively, so that M/L is finitely generated and separable. Any set of gen- 
erators for B over A must also generate M over L, so contains a separating transcen- 
dence basis [19, Theorem 26.2 and subsequent remark]. We may therefore assume that 
B ~ A[ui, . . . , Urn, vi, ■ ■ ■ , Vn] with the forming a separating transcendence basis for 
M/L. Write A[u] = A[ui, . . . ,Um], with quotient field L{u), and let hi be the minimal 
polynomial of Vi over L{u)[vi, . . . ,Wi_i], so a separable polynomial. Viewing the coeffi- 
cients of hi as polynomials in ui, . . . , Vi-i with coefficients in Liu), we may take a G A[u] 
to be a common denominator for all these coefficients, for all of the hi. Thus hi is a 
polynomial in A[u,a~^ ,vi, . . . ,Wi-i]. Also, let /3 G B be the product of all h\{vi). Since 
_B is a domain and each hi is separable, /3 is non-zero. 



We call X locally Noetherian if every open affine is the spectrum of a Noetherian algebra; X is 
Noetherian if it is locally Noetherian and quasi-compact, so has a finite open affine cover by spectra of 
Noetherian algebras. 
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Suppose now that we have a commutative square 



A 



B 



X 



^ L 



with x{a),x{l3) ^ 0. We can extend 77 to : ^[^t] Dr by choosing ^o("i) G Dr to be any 
lift of x{ui). Since Dr is local and £,o(a) is a lift of x{a) ^ 0, we know ^o(a) is invertible, 
so induces ^0 : ^[u,a~^] — ?• D^. 

Assume we have constructed : A[u, a^^ , wi, . . . , Dr extending 77 and lying 

over X. In order to extend to a homomorphism : A[u, , ui, . . . , Ui] Dr lying 
over X, we need to construct ^i(vi) = a;(wi) + J2j ^j^'' ^ -D^ such that hi{^i{vi)) = 0. 
The coefficient of P in hi{^i{vi)) is a sum of x{h^{vi))Xj together with things involving 
Ai, . . . , Aj_i. Since h'^{vi) is a factor of /? and x(/3) ^ 0, the coefficient of Xj is non-zero, 
so we can solve for iteratively. 

This shows that we can extend 77 to a homomorphism ^ : i? — > Dr lying over x. Hence 
Tx^^X — !• T^^fKY is surjective for all r on the open dense subset where x{a), x{l3) 7^ 0. □ 



We begin with the following easy observation. 

Lemma 3.1. Let Y be a scheme, locally of finite type over K, and X <ZY an irreducible 
subscheme. IfT^X — T^Y for some non- singular point x G X{L), then X is an irreducible 
component of Y . 

Proof. Let x G X be the corresponding point in the underlying topological space. Then x 
non-singular and X irreducible imply dim/, TxX = dinixX = dimX. On the other hand, 
dimxK < dimLTxY , so T^X = T^Y implies dimX — dimxi^, whence X is an irreducible 
component of Y. □ 

In general, the subscheme X will not be reduced, and so will not have any non-singular 
points. We therefore need to consider more general jet spaces and not just tangent spaces. 

Theorem 3.2. Let K be a perfect field and (A, m,X) a local K -algebra which is a Noe- 
therian domain of dimension 1. Then there exists a field extension L' / L and an injective 
algebra homomorphism A L'[[t]] lifting the canonical map A — > A/m ~ L ^ L' . If A 
is finitely generated over K , then we may take L' / L to he finite. 

Proof. Let B' be the integral closure of A, n' <\ B' a. maximal ideal, so lying over m, and 
L' := B' jv! . Set B := i?^, , a local algebra with maximal ideal n, say. By the KruU-Akizuki 
Theorem [19, §11 Theorem 11.7 and its corollary] we know that (i3,n, L') is a DVR. By 
the Cohen Structure Theorem [18, (28. M) Proposition] its completion is isomorphic (as a 
ii'-algebra) to i'[[t]]. Finally, the natural maps A — >■ B — )• L'[[i]] are all injective. 

If A is finitely generated over a field, then is a finite A- module [20, Corollary 8.11], 
hence L' jL is finite. □ 

Corollary 3.3. Let X be a scheme, locally of finite type over a perfect field K . Let x G X 
and letx' he a minimal generalisation ofx. Then there exists a finite field extension L/k{x) 
and a local homomorphism ^: Ox,x ^ D[[t]] with kernel corresponding to x'. 

We can now prove the following proposition. 

Proposition 3.4. Let Y be a scheme, locally of finite type over K , and let X <zY be an 

irreducible subscheme. Then the following are equivalent. 

(1) X is an irreducible component ofY. 



3. Detecting Irreducible Components 
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(2) There exists an open dense subset U C X such that Tx X = Tx Y for all 
X e U{L). 

(3) There exists an open dense subset U C X such that, for all x G U{L), we can find 
positive integers N, c with the property that, when r > N , any rj £ Tx '^Y restricts 
tov€ Ti['-/'="X. 

(r) (r) 

Proof. Clearly Tx ^rcd Tx X for all r and x, with equality whenever r = oo, so we may 
assume that X is reduced. By shrinking Y we may further assume that Y is irreducible 
and afhne (so of finite type over K), and that X C Y is closed. 

(1) ^ (3): We have X = l^ed, so take N and c as in Grccnbcrg's Theorem. If 
r > TV and ij G T^''^Y, then wc can find i) G Ti°°'y such that rj = i) & ri'^'/'^'V. Since 
ri°°V = T^°°^X wc deduce that = ?/ G T^^^'^'^^^X. 

(3) (2) : Suppose x G U{L) and G T^°°^Y. For all r > iV we have r] G T^''''^Y, so 
ri G T^^'^X. Thus ri G ri°°^X. 

(2) ^ (1): Assume first that K is a perfect field. Let x G F be the generic point of 
X. If this is not the generic point of Y, then we can take a minimal generalisation x'. By 
Corollary 3.3 we can find a field L and a local homomorphism Oy,x — >■ L[[t]] with kernel 
corresponding to x'. Setting x: Oy,x ^ L we get a point of Tx°°^Y which does not lie in 
Ti°°''x, a contradiction. 

In general let K be the algebraic closure of K. Our condition on jet spaces also holds 
true after base change, so each irreducible component of X^ is dense in an irreducible 
component of Y^ , and these have generic points precisely those points of Y^ lying over 
x. Since dimX — dimX-^ and dim^y^ = dimxi^ for any point x G Y^ lying over x [!), I 
§3 Corollary 6.2], we deduce that dimX = dimxF, so that X is an irreducible component 

of y. □ 



3.1. Irreducible components via morphisms. We now want to determine when the 
image of an irreducible scheme is dense in an irreducible component. We begin with the 
following sufficient criterion when the domain is reduced. 

Lemma 3.5. Let f : X ^ Y be a morphism between schemes which are locally of finite 
type over a perfect field K, and assume that X is integral. If dxf- TxX — > Tf(^x}Y is 
surjective on an open dense subset of X , then f is separable and f{X) is an irreducible 
component of Y . 

Proof. Let Y' :— f{X) be the scheme-theoretic image of X, so an integral subscheme of 
Y. Then dxf: TxX -> Tfi^x)Y' T/f^)^. Our hypothesis implies that TxX Tf^x)Y' 
is surjective on an open dense subset U of X, so f is separable by Theorem 2.10. On the 
other hand, Chevellay's Theorem tells us that f{U) contains a dense open subset of Y' , so 
by Generic Smoothness it contains some non-singular point y G Y' . Now, for some field L, 
we can find x G U{L) such that f{x) G Y'{L) corresponds to y, so is non-singular. Then 
Tf(x)Y' = Tf(^x)Y, so Y' is an irreducible component by Lemma 3.1. □ 

We generalise this to arbitrary morphisms. 

Theorem 3.6. Let f:X^Y be a morphism, where X and Y are locally of finite type 
over K. Let X' be an irreducible component of X , with the reduced subscheme structure, 
and let Y' = f{X') be the scheme-theoretic image. Consider the following statements. 

(1) Y' is an irreducible component ofY. 

(2) There exists an open dense subset U C X' such that Tx°°^ X — >■ T^^jy is surjective 
for all X G U{L). 
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(3) There exists an open dense subset U <Z X' such that, for all x G U{L), we can find 

(r) 

positive integers N, c with the property that, when r > N , any rj G T^^^s^Y restricts 
to something in the image ofT^^^^'^^'^X. 
Then (2) =► (3) =^ (1), and (1) =^ (2) whenever f : X' ^ Y is separable. 

Proof (2) ^ (3) : Let J7 C X' be open and dense such that T^°"^ X rj^jy is surjective 
for aU X G U{L). Given x G U{L), choose N and c satisfying Greenberg's Theorem for 
f{x) G Y{L). Thus, given r > iV and 77 G rj[],^r, we can find 77 G ?/^|f such that 

rj = fj (z T^f \x^ ■ By assumption we have ^ G X mapping to f), so its restriction 

([r/cl) 

£, G Tx X maps to the restriction of 77. 

(3) ^ (1): By hypothesis, and applying Proposition 3.4 to the irreducible component 
X' C X, there exists an open dense U C X' such that, for all x G U{L), we can find N and 

(r) 

c with the property that, if r > A'^ and rj G T^j^^-jK, then 77 restricts to something in the 

image of ri''^'^"x', and hence to something in Tj^i^J-^^^^Y' . Since f{U) C Y' is constructible 
and dense, it contains an open dense subset of Y' . Applying Proposition 3.4 once more, 
we deduce that Y' C is an irreducible component. 

(1) => (2) when f : X' ^ Y is separable: Applying Proposition 3.4 to the irreducible 
components X' C X and Y' C Y, and applying Proposition 2.13 to the morphism f : X' ^ 
Y' , we sec that we can find an open dense U C X such that Tx°°'' X — Tx°°^ X' surjccts 
onto Ti°°\Y' = r^?°|y for aU x G U(L). □ 

3.2. Subscheme structure on irreducible components. 

Proposition 3.7. Let Y be a locally Noetherian scheme and X an irreducible component 
of Y . Then there is a subscheme structure on X such that T^f'^ X = T^f^Y for all r and 
all X in an open dense subset of X . 

Proof. Let ^ be the generic point of X. For each open affine U dY the point ^ determines 
an ideal p — pu of Oy{U). This is a minimal prime if ^ G C/, else it is all of Oy{U). In the 
former case, we know [1, Corollary 4.11] that there is a unique p-primary ideal q = q;/ in 
the primary decomposition of the zero ideal in Oy{U). We can therefore write = q fl q' 
with q' (/: p. (In fact, if a G q' \ p, then c\~{b:ab = 0}.) 

These ideals are compatible with localisation, in the sense of Lemma 2.1. For, this 
clearly holds for the prime ideals pc/, so it necessarily holds for the primary ideals q by 
uniqueness. Thus, by the lemma, there is an ideal sheaf I < Oy such that I{U) = c^u for 
all open affines U . Since the support of the quotient sheaf Oy/T. is just the irreducible 
component AT, the ideal sheaf I determines a closed subscheme structure on X. 

For the result about jet spaces, it is enough to prove it for affine schemes. We therefore 
have a Noetherian iC-algebra A, a minimal prime p, and the p-primary ideal q in the 
primary decomposition of the zero ideal. Writing = q fl q' with q' ^ p as above we get 
A ^ {A/q) X {A/q'). Then, for any a G q'\p we have Aa = Aa®A (^/q)- In other words, 
the schemes X and Y agree on the non-empty distinguished open -D(a), so they have the 
same jet spaces. □ 

We remark that the subscheme structure on irreducible components is not uniquely de- 
termined by this property on jet spaces. For, consider the local algebra A = K\X, Y]/ (A^, Y^) 
and its proper quotient B = A/{XY'^). Then T^''^ SpccS = T^''^ Spcc^ for aU r G [1, 00]. 

4. Group schemes 

In our applications we will be interested in morphisms of the form G x A — y, where 
G is a group scheme acting on a scheme y, and A C y is a subscheme. In particular, we 
want to know when such a morphism is separable. 
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Recall that a iiT-schcmc X is called geometrically irreducible provided that X is 
irreducible, or equivalent ly if X x F is irreducible for all irreducible if -schemes Y . Similarly 
X is called geometrically reduced provided that X^ is reduced, or equivalently if X x F is 
reduced for all reduced if-schemes Y . Finally, X is called geometrically integral provided 
that it is both geometrically irreducible and geometrically reduced, so that X x Y \s 
integral for all integral ii'-schemes Y . 

We note that an integral if-scheme X is geometrically irreducible if and only if K{X) /K 
is a primary field extension, is geometrically reduced if and only if K{X)/K is a sepa- 
rable field extension, and geometrically integral if and only if K{X)/K is a regular field 
extension. 

Let G be a group scheme, locally of finite type over K. Wc say that G is connected 
provided the scheme is irreducible, in which case G is geometrically irreducible [9, II §5 
1.1]. Moreover, G is smooth (so every point is non-singular) if and only if the identity 
element is a non-singular point, in which case G is geometrically reduced [9, II §5 2.1]. 
Thus if G is smooth and connected, then it is geometrically integral. Conversely, if K is 
perfect, then G reduced implies G smooth [9, II §5 Corollary 2.3]. We also know that G 
is pure, so all irreducible components have the same dimension [9, II §5 Theorem 1.1]. 

We say that a group scheme G acts on a scheme X if there is a morphism ^ : GxX ^ X 
inducing for all R an action of the group G{R) on the set X{R). When working with group 
actions one runs into the problem that the category of schemes, although complete, is not 
cocomplete, so arbitrary coproducts or coequaliscrs need not exist. Thus orbits and more 
general quotients will in general not exist. For this reason it is sometimes convenient to 
embed the category of schemes into cocomplete category and consider quotients in this 
larger category. There are two obvious ways of doing this: one may consider the category 
of all locally ringed spaces, or instead the category of all functors from if-algebras to sets. 

The category of locally ringed spaces is both complete [9, I §1 Remark 1.8] and cocom- 
plete [9, I §1 Proposition 1.6]. On the other hand, the category of all functors is too large, 
so one may instead consider the full subcategory of faisceaux.'^ This is complete [9, III 
§1 1.12] and cocomplete [9, III §1 1.14]. In fact, the faisceaux form an exact reflective 
subcategory, so the inclusion functor has a left adjoint which preserves finite limits [9, III 
§1 Theorem 1.8]. Every scheme is a faisceau [9, III §1 Corollary 1.3], and any morphism 
of schemes which is faithfully flat and locally of finite presentation is an epimorphism of 
faisceaux [9, III §1 Corollary 2.10]. 

Moreover, we can associate to any locally-ringed space a functor from .ftT-algebras to 
sets. This determines a functor from the category of locally-ringed spaces to the category 
of faisceaux [9, III §1 Proposition 1.3], which in turn has a left adjoint called the geometric 
realisation [9, I §1 Proposition 4.1]. It follows that the geometric realisation commutes 
with colimits. 

Now, given a group action fi: G x X ^ X , we have the pair of morphisms /i, prj : G x 
X ^ X, and so can construct its coequaliser in the category of faisceaux, denoted X/G. 
This can be described as the faisceau associated to the functor R t-!> X{R) / G{R). Also, the 
geometric realisation of X/G will necessarily be the coequaliser in the category of locally 
ringed spaces. Moreover, for all algebraically-closed fields L the map X{L)/G{L) — ^ 
(X/G){L) is a bijection [9, III §1 Remark 1.15], from which it follows that the induced 
morphism ^/ : G x X ^ X Xy X, {g,x) i-> {x,g ■ x), is surjective. Finally, given any 
Z — !> X/G, the base change Xz Z is still a coequaliser for the action Gz x Xz -> Xz 
[9, III §1 Example 2.5]. 



A functor X is a faisceau if it satisfies the sheaf property with respect to the fppf topology; that is, 
it respects finite direct products, so X{R x S) = X(R) X X{S), and if 5 is a faithfuUy-fiat and finitely- 
presented ij-algebra, then the map X{R) — >■ X{S) identifies X{R) with the equaliser of the two maps 
X(ids «> 1), X{1 (g) ids) : ^{S) X(S »R S). 
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Following [10] a morphism of schemes tt: X —> Y is called a geometric quotient if it 
is submersive (so surjective and Y has the quotient topology), constant on G-orbits, the 
induced morphism : G x X ^ X Xy X is surjective, and Oy = 7r*(C'x)'^; it is called a 
universal geometric quotient if for all Z ^ Y, the base change Xz — > Z is still a geometric 
quotient for the action Gz x Xz —5- Xz- 

The next result is an improvement on [1(1, Proposition 0.1]. 

Proposition 4.1. Let G act on X, and let tt: X Y be constant on G-orbits. Then tt 
is a geometric quotient if and only if it is the coequaliser of fj.,j>T2'. G x X X in the 
category of locally-ringed spaces. 

Proof. Recall from the proof of [!), I §1 Proposition 1.6] that Y is the coequaliser in the 
category of all locally ringed spaces if and only if Y is the coequaliser in the category of 
topological spaces, and Oy is the equaliser (in the category of sheaves of rings on Y) of 
the two morphisms /i*, prj : tt^{Ox) — >■ '0*(C'gxx), where ijj ^ t:i^l = Trprj. 

The second property is clearly equivalent to saying that Oy = Tr^,{Ox)'~^, and Y is the 
coequaliser in the category of topological spaces if and only if it is the coequaliser in the 
category of sets and tt is submersive. Thus it is enough to prove that when n is submersive, 
Y is the coequaliser in the category of sets if and only if \1/ is surjective. 

Suppose first that 4* is surjective, and let x, x' € 7r~^(y). We know that the set of points 
in X Xy X projecting to x, x' is given by Spec (k(x) ^^(y) k(x')) [9, I §1 Corollary 5.2], 
so this is non-empty. Let ^ be any such point. Since 'I' is surjective there exists some 
z G G X X mapping to and hence pr2(z) = x and fi{z) = x'. As tt is surjective, this 
shows that Y is the coequaliser in the category of sets. 

Conversely, let Y be the coequaliser in the category of sets and suppose x, x' G X map 
to the same point y € Y. By definition there exists a sequence Zi, . . . , z„ in G x X such 
that 

pr2(zi) = X, fi{zi) = pr2(zj+i), ^((z„) = x'. 

Now take a sufficiently large algebraically-closed field L and points (g^, Xi) € G{L) x X{L) 
corresponding to z^. Set x = xi and g '.= gn ■ ■ ■ gi G G{L). Then {g,x) S G{L) x X{L), 
so corresponds to some z £ G x X . Since x ^ xi and g ■ x ~ gn ■ Xn we have both 
pr2(z) = pr2(zi) = X and /i(z) = /i(z,i) = x'. Thus 'I': G x X ^ X Xy X is surjective. □ 

Lemma 4.2. Let G be a group scheme acting on a scheme X, and let n: X ^ Y be a 
morphism of schemes which is constant on G-orbits. 

(1) IfY^ X/G in the category of faisceaux, then tt is faithfully flat and a universal 
geometric quotient. 

(2) If TT is faithfully flat and quasi- compact, then it is a universal geometric quotient. 

Proof. (1) That tt is a universal geometric quotient when Y = X/G follows from the 
preceding discussion. Wc also know that tt is an epimorphism of faisceaux and that its 
pull-back along itself is just the projection G x X ^ X, so flat. Thus tt is flat by [0, III 
§1 Corollary 2.11]. Since {X/G){L) = X{L)/G{L) for all algebraically-closed fields L we 
see that tt is also surjective, hence faithfully flat. 

(2) If TT is faithfully flat and quasi-compact, then it is the coequaliser in the category 
of locally-ringed spaces [!), I §2 Theorem 2.7], and hence is a geometric quotient. More- 
over, since being faithfully flat and quasi-compact is preserved under base change [0, I §2 
Propositions 2.2 and 2.5], we see that it is a universal geometric quotient. □ 

We say that G acts freely on X if G{R) acts freely on X{R) for all R. It follows that 
the natural map X(R)/G{R) -5- {X/G){R) is injective for all i^-algebras R [17, I §5.5]. 
In other words, if x,x' £ X{R), then tt{x) = tt{x') in {X/G){R) if and only if there exists 
g G G{R) such that x' = g ■ x. We deduce that "i! : G x X ^ X Xx/g i9y ^ {x,g- x) 
is an isomorphism, so tt is a G-torsor by [!), Ill §4 Corollary 1.7]. 
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Corollary 4.3. Let G be a group scheme acting freely on a scheme X. Let tt: X ^ Y 
be a faithfully flat morphism of schemes which is constant on G-orbits, and assume G, X 
and Y are all locally of finite type over K . 

(1) dimX — divnY + dimG and X is pure if and only if Y is pure. 

(2) n is a smooth (respectively affine) morphism if and only if G is smooth (respectively 
affine). 

(3) X smooth implies Y smooth, with the converse holding when G is smooth. 

(4) If X is irreducible and G smooth, then tt: X-^cd Y is separable. 

Proof. (1) Since every fibre is isomorphic to G, which is pure by II §5 Theorem 1.1], we 
can apply [9, I §3 Corollary 6.3] to get dimxX = dim7r(x) Y + dimG for all x E X. Since 
TT is surjective, the result follows. 

(2) A morphism / : X ^ Y is called smooth if it is flat, locally of finite presentation and 
all fibres are smooth schemes; it is called affine \i X Xy Speci? is an affine scheme for all 
Spec i? — > F. Next, a morphism is smooth if and only if its pull-back along a faithfully-flat 
morphism is smooth [9, I §4 4.1]. Similarly a morphism is affine if and only if its pull-back 
along a faithfully-flat and quasi-compact morphism is affine (one direction is immediate 
from the definition of affine morphisms, the other is [9, I §2 Corollary 3.9]). 

Since tt is faithfully-flat and all schemes are locally of finite type over K, we see that tt is 
smooth (respectively affine) if and only if its pull-back along itself is smooth (respectively 
affine). This pull-back is just the projection G x X — > X, which is smooth (respectively 
affine) if and only if G is a smooth (respectively affine) scheme. 

(3) If X is smooth, then the faithful flatness of tt implies that Y is smooth [1-5, Propo- 
sition 17.7.7]. Conversely, a composition of smooth morphisms is again smooth [!), I §4 
Corollary 4.4], so if G and Y are smooth, then tt is smooth, hence X is smooth. 

(4) As G is smooth, it is geometrically reduced, so the subscheme G x Xj-cd is reduced 
and hence ^ induces a morphism G x Xred ^red- Thus G acts on X^^d, so we may 
assume that X is reduced, hence integral. We now observe that for all n > 1 there is an 
isomorphism 

G"-i xX AX^^", {g2, . . . ,gn.x) ^ {x,g2 ■ X, . . . ,gn - x). 

The case n = 1 is trivial, whereas for n = 2 this is just the statement that 5* is an isomor- 
phism. The general case follows by induction. Again, since G is geometrically reduced, 
we conclude that X^''" is reduced for all n. whence tt is separable by Theorem 2.12. □ 

For each x G X{L) we have the orbit map '■ G^ — ^ X^, g ^ g ■ x^ for all g G G{R), 
where R is now an L-algebra. We also have the stabiliser Stabc (x) , defined to be the fibre 
of G^ — > X^ over x, so a closed subgroup scheme of G^. Note that the stabiliser acts freely 
on G^ (on the right), and we define the orbit faisceau to be OrbG(a:) G^/ StabG(a;). 

Proposition 4.4. Let G be a group scheme acting on a scheme X , both of finite type over 
K. 

(1) For all X G X{L) the orbit OrbG(a;) is a subscheme of X. A point y G X{R) 
lies in OrhG{x){R) if and only if there exists a faithfully-flat and finitely-presented 
R-algebra S and an element g G G{S) such that y^ = g ■ x^ . 

(2) The orbit map fix '■ G^ — ^ OrbG(j;) is faithfully flat and OrbG'(a;) is pure of dimen- 
sion dimG — dimStabG'(a;). 

(3) The function x dimStabG(a;) is upper semi- continuous on X. 

(4) is a smooth (respectively affine) morphism if and only if Siabcix) is smooth 
(respectively affine). 

(5) // G is smooth, then so too is OvhQ{x), so is given by the reduced subscheme 
structure on the corresponding locally- closed subset of X. 

(6) If G is connected and StabG(x) is smooth, then the orbit map pL^'. G^^^ — ?• X^ is 
separable. 
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Proof. (1) That the orbit OrbG(a;) C is a subscheme follows from [9, III §3 Proposition 
5.2]. The description of the points of OihG{x){R) is given in [ I 7, I §5.5]. 

(2) The morphism G^/ StabG(a:) is faithfully flat by Lemma 4.2, whereas by 
Corollary 4.3 (1) we know that the orbit Orbc (.t) is pure and dim G = dim G^ = dim Stab^ ( 
dim G^/StahGix). 

(3) Let Z be the pull-back oi G x X — )-XxX along the diagonal and consider the mor- 
phism tt: Z ^ X , so Tr~^{x) = StabG(x). By the upper semi-continuity of fibre dimension 
we know that z M> dim^ 7r~^(7r(z)) = dim^ StabG'(7r(z)) is upper semi-continuous on Z, 
and since StabG(7r(z)) is pure, the map z n> dim StabG(7r(z)) is upper semi-continuous. 
Now compose tt with the section X — > Z, a; H> to conclude that x i— > dimStabG(a;) 
is upper semi-continuous on X. 

(4) , (5) and (6) follow from Corollary 4.3 (2), (3) and (4) respectively. □ 

Let G act on two schemes X and X'. We then have a diagonal action on X x X', 
and hence we may consider the quotient faisceau X x"^ X' := {X x X')/G, called the 
associated fibration. Note that, even if X/G is a scheme, it does not automatically follow 
that X x'^ X' is a scheme. We observe that if G acts freely on X, then the diagonal action 
on X X X' is also free. 

The following is useful for identifying associated fibrations. 

Lemma 4.5. Let G be a group faisceau acting on faisceaux X and X' , and such that the 
action of G on X is free. Then Z ^ X x^ X' if and only if there exists a commutative 
diagram 

X xX' Z 




X — ^ X/G 

such that (j) is constant on G-orbits and the induced morphism X x X' ^ X Xx/g ^ 
isomorphism. 

Proof. We begin by showing that the associated fibration X x'~^ X' satisfies the conditions. 
Let tt' : X X X' X x^ X' he the coequaliser associated to the diagonal G-action on 
X X X', and observe that this is necessarily constant on G-orbits. The morphism tt prj^ : X x 
X' X/G clearly factors through tt', giving g': X x'^X' X/G such that q'tt' = Trpr^. 
Finally, since G x X ^ X Xx/g the induced morphism X x X' ^ X Xx/g x'^ X') 
is an isomorphism by [9, III §4 3.1]. 

Now suppose we have Z , (j) and q. Since (j) is constant on G-orbits it induces a morphism 
4)' : X x^ X' ^ Z such that = ^'tt', so 

Since tt' is an epimorphism we must have q' — qcj)'. Finally, taking the pull-back of cf)' 
along the epimorphism tt : X — > X/G gives the morphism 

X X X' ^ X Xx/G X') ^ X Xx/G Z, ix,x') ^ {x,(Pix,x')) , 

which is an isomorphism by hypothesis. It follows from [9, III §1 Example 2.6] that </>' is 
an isomorphism. □ 

Let G act freely on X. A morphism of schemes tt: X — > y is called a principal G-bundle 
provided it is locally trivial in the Zariski topology, so there exists an open afhne cover 
Y = [J^Ui and isomorphisms ipi: G x Ui ^ TT~^{Ui) such that wcjii = pr2 is the second 
projection, and (j)i{g,u) = g ■ 4>i{l,u). 

Lemma 4.6. Let n: X Y be a principal G-bundle. Then Y = X/G is isomorphic to 
the quotient faisceau. In particular, n is a universal geometric quotient. 
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Proof. Set U := Ui^^ij ^^^'^ let q: U ^ Y he the induced morphism, which is clearly 
faithfully flat and locally of finite presentation. Since p: X ^ X/G is the coequaliser 
of the two maps iJ,,pr2- G x X ^ X we see that there is a morphism /: X/G Y 
such that TT = fp. Set V := (X/G) Xy U, which by [9, III §1 Example 2.5] is the 
coequaliser of the two morphisms (G x X) Xx/g^ ^ ^ '^x/g^- On the other hand, we 
have X X X/G ^ ^ U , which by assumption is isomorphic to G x [/, and similarly 

(G X X) Xx/G^~GxGxU. Under these isomorphisms, /i x 1 and pr2 x 1 correspond 
respectively to m x 1 and prj 3, where m: G x G — ^ G is the group multiplication. Thus 
the coequaliser is isomorphic to U . 

We have therefore shown that V = {X/G) Xy U \s isomorphic to [/, and hence that 
the pull-back of / along q is an isomorphism. Since q is an epimorphism in the category 
of faisceaux [!), Ill §1 Corollary 2.10], we conclude from [!), Ill §1 Example 2.6] that / is 
an isomorphism, so F = X/G. □ 

Lemma 4.7. Let tt : X ^ Y be a principal G-bundle. If X' G X is a G-stable subscheme, 
then there exists a subscheme Y' (ZY such that tt: X' ^Y' is again a principal G-bundle. 

Proof. Since tt is locally trivial there is an open covering Y = IJ,- Yi and G-cquivariant 
isomorphisms G x Yi — > Xi :— 7r~^(li) satisfying tt^^ = prj. In particular, Y is 
formed by gluing the schemes Yi along the open subschemes Uij := L~^{Xi n Xj), where 
Li: Yi ^ Xi is the section of tt given by y i-> 0^(1, y). 

Now, given a G-stable subscheme X' C X, set X[ := Xi n X' and Y/ := L^j/^iX^). 
Then we can glue the Y/ along the subschemes Ulj := l^^{XI Ci Xj), and hence obtain a 
subscheme Y' C Y satisfying Y' HYi — Y/ . It is then easy to check that tt: X' F' is 
again a principal G-bundle. □ 

4.1. A separability criterion. Let G be a group scheme acting on a scheme Y, and let 
X cY he a subscheme. We can restrict the action of G to get a morphism Q: GxX ^ Y, 
and we write G ■ X for its scheme-theoretic image. Associated to j/ e Y{L) we have the 
fibre <d~^{y), which is the closed subscheme of G^ x X^ having i?- valued points the 
pairs {g,x) with g ■ x = y^. On the other hand we have the transporter of y into X, 
denoted Transp(y, X), which is the fibre product of the orbit map fiy : G^ Y^ with the 
immersion 

XL _^ yL_ rpj^yg Transp(y, A) is a subscheme of G^ having i?- valued points 
those g € G{R) such that g-y^ X{R). (This is a special case of [9, II, §1, Definition 
3.4].) There is clearly an isomorphism 6~^(y) ^ Transp(y, A), {g,x) ^ g^^ . 
This leads to the following sufficient criterion for separability. 

Theorem 4.8. Let G be a smooth, connected group scheme, locally of finite type over K . 
Suppose G acts on a scheme Y and let X cY be a locally Noetherian integral subscheme. 
Then Q: G x X Y is separable whenever there exists an open dense U C X such that 
Transp(a:, U) is geometrically reduced for all x G U . 

Proof. Since G is smooth and connected, it is geometrically integral, so G x A is integral; 
since both G and A are locally Noetherian, so too is G x A; finally, as G x F — > F is 
locally of finite type, so is G x A — !■ F. 

Write tt: {G x U)^^"^ G xU for the projection onto the first component; then 
TT^^{g^x) is isomorphic to Transp(a;, C/)"~^ via 

Transp(x,[/)"~i ^ (G x [/)Xi'" 

(/i2, ...,hn)^ {{9,x), {gh^^, h2-x),..., {gh~^, /i„ • x)). 

In particular, each fibre is reduced. Since G x U is integral we can apply the Theorem of 
Generic Flatness [9, I §3 Theorem 3.7] to assume further that tt is faithfully flat. Thus 
TT is faithfully flat with reduced fibres and reduced image, so has reduced domain [18, 
(21. E) Corollary (iii)]. This proves that (G x U)^^"- is reduced, so 6 is separable by 
Theorem 2.12. □ 
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Lemma 4.9. Let G and Y be of finite type over K , H < G a closed subgroup and 
y £ Y{L). Then the morphism 

X StabG(y) Transp(y, OrbH(y)), [h, s) hs, 

induces an isomorphism between Transp(?/, Orb//(j/)) and the associated fibration yStabff (y) 
Siahciy)- In particular, Transp(j/, OrbH(2/)) is pure of dimension AiitlH + (lvaiSiahQ{y)~ 
dim Stab// (y). 

Proof. We have a commutative diagram 

X StabG(y) > Transp(y,OrbH(y)) 

1 1 

> Ovhaiy) 

where the upper morphism (/i, s) ^ hs is constant on Stab// (?/)-orbits. Moreover, this 
is a pull-back diagram. For, if {h,g) is an i?-valued point of the fibre product, then 
h • y^ = g ■ y^ £ Y{R), so s := h^^g £ StahG{y){R) and {h,g) = {h,hs) as required. 
The isomorphism with the associated fibration now follows from Lemma 4.5, whereas the 
purity and the dimension formula follow from Corollary 4.3. □ 

Assume now that we have group schemes H < G, a G-action on Y, an i/-stable sub- 
scheme X cY, and that all schemes are of finite type over K. For each x £ X{L) we have 
the orbits Orbff(a;) C and OrbG(a;) C F^, so we define Nx,x ■= T^X/T^ Orhcix) 
and similarly Ny.x ■= TxY/Tx OrbG(a;). Writing &: G x X ^ Y as above for the restric- 
tion of the G-action on Y , we observe that the differential d^O rf(i,a:)0 induces a map 
Ox-. Nx,x Ny,x- 

Theorem 4.10. With the notation as above, assume that G and H are smooth and con- 
nected, and that X is irreducible. Suppose further that there exists an open dense U <Z X 
such that, for all x £ U{L), both StabG(a;) and Stab/r(a;) are smooth, and that there are 
only finitely many H{L)-orbits on (OrbG(a;) nX)(Z). Then Q is separable if and only if 
6x is infective on an open dense subset of X . On the other hand, dxQ is surjective if and 
only if 6x is surjective. 

Proof. We begin by observing that the stabilisers remain the same if we replace X by 
X^cd, as does the condition on the orbits. Also, since Orb/f(a;) is smooth, it lies in Xj-od, 
so we can regard Nx,^^,x as a subspace of Nx,x- Thus if 9x'. Nx,x Ny,x is injective, 
then so too is Nx^^^.x Ny,x- We may therefore assume that X is reduced, and hence 
integral. 

Write n for the relative degree of 0, so n := dim G + dim X — dim G ■ X. Since G x X is 
integral and of finite type we can apply Theorem 2.10 to deduce that Q is separable if and 
only if dimKer((i(g_3.)8) = n on an open dense subset of G x X. Using the G-action we see 
that dimKer(d(g is independent of g, so it is enough to show dimKer((i^0) = n on an 
open dense subset of X . Also, since the dimensions remain unchanged after base change, 
we may assume that K is algebraically closed, in which case it is enough to consider 
rational points x £ X{K). 

By upper semi-continuity of the dimensions of the stabiliser groups. Proposition 4.4, 
and shrinking U if necessary, we may assume that dim StabG(x) = a and dim Stab// (a;) = h 
are constant for all x £ U{K), and that these values are the generic, or minimal, values 
on all of X . We have already seen that the fibre 0^^(a;) is isomorphic to Transp(a;, X) = 
Transp(a:, OrbG(a;) fl X). By assumption we can write OrbG(a;) n X as a finite union 
Uj Orb//(a;i), so that Transp(a;, X) ~ IJ^ Transp(a;, Orb//(a;i)). It then follows from Lemma 4.9 
that 

dim0~^(.T) = max{dimTransp(a;, Orb//(a;i))} = dim_ff + a — &. 
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For, Xi G OrbG(x), so diniStabG(a;i) dim StabG(a;) = a, and dim Stab /^(.t) = h ~ 
mirij {dim Stab jy(xi)}. Thus all fibres of 8 have dimension dimi/ + a — 6, and this is 
necessarily the relative degree n. 

Consider now the commutative squares 

(l,Mx), 



GxH ' "^"^ G X OrbH(.T) 



G OrbG(2;) 



and 



G X OvhH{x) 

V 

OrbG(x) 



G X X 

1« 



Y 



where a: [g, h) i— >■ gh is just the group multiplication. Since both StabG(x) and Stab/f(x) 
are smooth wc know from Proposition 4.4 that the orbit maps arc separable, so their 
differentials are generically surjectivc by Proposition 2.13. Using the group actions we 
conclude that the differentials arc always surjectivc. So, writing g = Lie(G') = TiG, and 
similarly () = Lie(if) = Tii?, and setting dx^L = ^(i,^;)/^, we get two exact commutative 
diagrams 

fl X f) > BxTx Orbff (x) 5- 



da 



and 







T^OrhGix) 



r,OrbG(x) 
> Q^T^X 



-¥ 











Now, a factors as the isomorphism G x H ^ G x H, {g,h) i-^ {gh,h), followed by the 
projection onto the first co-ordinate. Thus da is surjective, so d^fJ- is also surjective, and 
hence dx& is surjective if and only if is surjective. Moreover, since the groups G and 
H are smooth, as are the orbits, we can compute 

diiaKcT (dxlJ.) = dim G + dim Orb^f (x) — dimOrbG(a;) 

= dimiJ + dimStabG(a:) — dim Stab //(x) = n. 

Using that dimKcr(d2:6) = dimKci{dxfJ.) + dimKer(0a;) we conclude from Theorem 2.10 
that Q is separable if and only if 6^ is injective on an open dense subset of X . □ 

Wc summarise these considerations in the following corollary, which will be sufficient 
for all our applications. 

Corollary 4.11. Suppose we have smooth, connected group schemes H < G, a G-action 
on Y, an H-stable subscheme X <Z Y , and that all schemes are of finite type over K. 
Assume further that there is an open dense subset U C X such that, for all x € U{L), 

(1) the stabilisers StabG(a;) o-nd Stab//(a;) are smooth. 

(2) there are only finitely many H{L)-orbits on (OrbG(a;) r\X^{L). 

(3) 9x is injective. 



(4) r| 



(oo) 



G X Ti°°'x 



Tx°°^Y is surjective if and only if 9x is surjective. 



Then for any irreducible component X' G X we have that G ■ X' is an irreducible compo- 
nent of Y if and only if 9^ is surjective for all x in an open dense subset of X' . 

Proof. By the previous theorem, conditions (1), (2) and (3) imply that the morphism 
G X X' — >■ F is separable for each irreducible component X' C X. Then by Theorem 3.6 
the scheme-theoretic image G • X' is an irreducible component of Y if and only if T^°°^G x 



Tx°°'^ X — > Tx'^'Y is surjective on an open dense subset of X, which by assumption is if 



and only if 9x is surjective on an open dense subset of X' . 



□ 
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5. Schemes of representations 

In the following four sections we will apply Corollary 4.11 to various schemes arising 
from the representation theory of finitely- generated algebras. The schemes we will consider 
all have a natural description as functors, but are in general non-reduced, even generically 
non-reduced (so the local rings at the generic points are non-reduced). 

We will work over a fixed perfect field K. 

We first consider the case studied by Crawley-Boevey and Schroer in [8]. 

5.1. Schemes parameterising representations. Let A be a finitely generated (but not 
necessarily commutative) A'-algcbra, say with a presentation A = K{xi^ . . . ,xn)/I- For 
each d there is an affine scheme repj^ parameterising all d-dimensional A-modules, whose 
i?-valued points (for a commutative i^T-algebra R) are given by 

repl(i?) := {{X,, ...,XN)e Mrf(i?)^ : f{X) = for all / e I}. 

Thus rep^ is a closed subscheme of M^, and hence is of finite type over K. It is clear that 
the points of rep^(i?) are in bijection the set of K-algehra homomorphisms A — > M.d{R), 
and we will usually identify these two sets. 

Associated to p G rep5[(i?) is a A-module Mp, which has underlying vector space i?'* and 
action determined by the algebra homomorphism p: A — >■ Mc;(i?); in fact Mp is naturally 
a module over A-'* A R, free of rank d as an i?-module. Also, given a € rep^(i?), 
we can identify Hom^n (A^fp, A/g.) with 

Hom(p,a) := {/ G Mexd(i?) : fp = <yf} 

= {.f G Mexd(i?) : fp^ = aj for all i}. 
The group scheme GL^ acts on rep^ by 'change of basis' 

GLdiR) X rep;((i?) rep^(i?), g ■ (pi, . . . , pat) = {gpig~^ , . . . , gpNg~'^). 

It follows that for L-valued points the orbits are in bijection with the set of isomor- 
phism classes of d-dimensional A^-modules. Note that if p G rep^(L), then StabGLd(p) — 
Auty^t (A'/p), which is open in the vector space Endy^^i, (Afp) and hence is smooth and irre- 
ducible. 

Given two representations p G rcp^(i?) and a G rcp^(i?), their direct sum is the 
representation 

cr G rcp^+''(iT!), (p©cr)- = 
In terms of algebra homomorphisms we have 

p®cr:A^Md+e{R), 
This induces a closed immersion 

vevi X rcpA ^ rcp5^+^ 

which we can combine with the action of GL^+e on rep^^*^ to obtain a morphism of schemes 

9: GLd+e X rep^ x rep^ rcp^+^ (g, p, a) ^ g ■ {p®a). 

In the notation of Corollary 4.11 we have the smooth, connected groups G = GL^+e and 
H = GLd X GLe, acting on the schemes Y = rep^"'''^ and X = rep^ x rep^. Note that all 
stabilisers are smooth, so condition (1) is satisfied, and the following lemma proves that 
condition (2) also holds. 

Lemma 5.1. For all fields L and all p ® a £ rep^(L) x rep^(i), there are only finitely 
many GhdiL) x GLe{L)-orbits on OrbGLd+jL)(p ffi f) H (rep^(L) x rep^(i)). 



I aj 



p{a) \ 
I a{a) ■ 
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Proof. By the Krull-Remak-Schmidt Theorem we can find representations r,; such tliat 
each Mi := Mt-. is indecomposable as a A^-module, and Afp © Ale — Mi. Now p' a' 
lies in OrbGLj+e(i)(/^ © cr) n (rep^(i) x rep^(i)) if and only if there exists a set / such 
that Mp' = 0jg7 Mi and M^' = ^^i, in which case p' ©cr' lies in the same GLd{L) x 

GLe(i)-orbit as ( 0jgj t,) ffi ( 0,^^ n) . We therefore see that the GLd(L) x GLe(i)-orbits 
in the intersection are parameterised by certain subsets /, and hence there are only finitely 
many. □ 

5.1.1. Example. Consider the algebra 

A = 

Using the presentation 







l{x,y)/{yx,{l + x^)x,{l + x^)y) ^ A, x ^ (^^ [J^ , y ^ ([j J 



one can easily compute some small examples. 

The scheme repj^ is given by the spectrum of the algebra 

R[X, Y]/(YX, (1 + X^)X, (1 + X^)Y) = R[X]/{X + X^)'^RxC. 

Thus there is a unique R- valued point, and this corresponds to the simple injcctive A- 
modulc /. There are also three C-valued points 

R[X]/{X + X^) ^C, X^O,±i. 

The first corresponds to / (8)^ C, which is the simple injective A'^'-module, whereas the 
latter two correspond to the two simple projective A^'-modules. Note that, via restriction 
of scalars, the latter two both induce the simple projective A-module P, but P should 
rather be thought of as the following M-rational point of rep^ 

5.2. Tangent spaces and derivations. Define a closed subscheme Der((i, e) C rep^"*"*^ by 
taking those representations in block form having a zero block of size dx e in the bottom left 

corner. Thus lies in Der((i, e)(i?) if and only if p G repj^{R) and a G rep^(i?), and 

^ e Der(p, (t) := Der^ (A, Homi^(Afp, Mo-)) is a ii'-dcrivation, or crossed homomorphism, 
so a A'-linear map 

^: A ^ Homi^(A/p, M^) satisfying ^{ab) = (ia)p{b) + a{a)^{b). 

The associated module M^ fits naturally into a short exact sequence 

Me M^ Mp 0, 

and hence induces an extension class in Ext^L {Mp, M^). 

Note also that the projection morphism tt : Dcr((i, e) — !> rcp^ x rep^ has fibres tt^^ (p, a) = 
Der(p,CT). 

Next, since rep^ is an affine scheme, the tangent bundle Trep^ is given by Trepy[(i?) = 
rep^ (i?[t]/(t^)) , so consists of algebra homomorphisms p-\-S,t: A — !> M(i(-R[t]/(t^)) ; equiv- 
alently, p G rep^(i?) and ^ G Der(p, p). Thus Trep^ is isomorphic to the fibre product of 
tt: Der(d, d) — ?• rep^*^ with the diagonal map repj^ — ^ rep^'', so is a closed subscheme of 
rep^'*. In particular, given p G repyY(L), we can identify the tangent space Tp rep^ with 
Der(p, p), and this comes with a natural morphism to Extjl^i, (Afp, Afp). 

Finally observe that if p G repy[(i?) and cr G rep^(i?), then the natural decomposition 
of Endfl(Ajfp ffi Me) induces a corresponding decomposition of Der(p ffi cr, p ffi ct). 
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5.2.1. Voigt's Lemma and Hochschild cohomology. Recall that we have the group 
action GL^ x rep^ — > rep^. On Di := valued points this gives 

(1 + 7i) • (p + = P + + 7P - Pl% 

so taking the differential at (l,p) yields the additive group action 

MdiL) X Tprepi ^ Tprep^ (7,^ ^i + {ip- Pl). 

In particular this restricts to a linear map 

5p : Md{L) ^ Tp rep^ = Der(p, p), ,5^(7) = 7p - p7. 

More generally, given a G rep^(L), we have a linear map 

6p^a ■ Mexd(i) Der(p, a), 5p^a{l) ■= IP ~ crj- 

Lemma 5.2 (Voigt [11]). Given p G rep^(L) and a G rep^(L) there exists an exact 
sequence 

Uom^L {Mp, M^) Mexd(i) 

H Der(p, a) Extii. {Mp, M„) 0, 

where £p^a takes ^ to the class of the natural extension 

— >M„ — > Ak — > Mp — > 0. 

Proof. The result follows immediately once we have made the connection to Hochschild 
cohomology, which we now recall [()]. Consider the complex 

d": Hom^ (A®",HomL(Afp,M^)) ^ Hom^ (A®("+i) , HomL(Afp, Af„)) 

given by 

d"(/)(ai (g) • • • (g) Gn+i) ■■= cr(ai)/(a2 ® • • • ® a„+i) 

+ ^ (-l)V(ai ® ■ ■ • ® a^ai+i ® ■ • ■ g) a„+i) 

+ (-l)"+\/(ai ® • • • ® a„)p(a„+i). 

By [6, IX Corollary 4.3] this has cohomology 

HH^{A, UouiLiMp, M,)) ^ Extl^ (Mp, M,). 

Now observe that 

Ker(di) = Der/f (A, HomL(i\/p, Af<x)) 

and 

d° : Homi(A/p, M„) ^ DerA' (A, Homi(A/p, Af,)) 
c'°(7)(a) = c^(a)7-7P(a), 
so (Sp^cr = — <i°. The result follows. □ 

We make the following remark. When both representations equal p © cr, then all four 
terms of the sequence in Voigt's Lemma naturally decompose, and the maps preserve the 
block structures, so in this case the whole sequence decomposes. For example, (Jpeo- acts 
as 

fill ll2\ ^ fill P- Pill ll2<y - Pll2\ ^ f <^p(7ll) <5cr,p(7l2)^ 
V721 722/ V72lP- 0-721 7220- -0-722/ \5p.a{l2l) '^<t(722) 

Recall that the direct sum induces the morphism 

e : GLrf+e X rep^ x rep^ — > repA'^^ (5, P, o-) 1 — > g-{fi® cr). 
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whose differential at the i-valued point (1, p, cr) is 

dp,, 9: Md+,{L) X (Tp repl) x (T, rep^ ) Tp®, rep5[+^ 

Using Voigt's Lemma we deduce that, in the notation of Corollary 4.11, 

Nx,pea = Ext^z, (Mp, Mp) x Ext^i, (M,, M,) 

and 

iVy,peo- = Ext^v^ (Mp © M,, Mp © M,). 

Moreover, the map 9p,a' Nx,p®a -> Ny^p^a induced by dp^aQ sends ([^], [77]) to © 77], 
which is precisely the canonical embedding 

6'p,, : Ext\r. (Mp, Mp) x Ext^vi, (M,, M„) Ext^^ (Mp © M,, Mp © M,). 

It follows that condition (3) of the corollary is also satisfied, so Q is separable. Moreover, 
Op^cr is surjective if and only if Ext^t (Mp, M„) = = Ext]^L {M„,Mp). 

5.2.2. Example. If A = A is commutative, then rep\ = Spec A. On the other hand, 
whenever p G rcp\(i) wc always get 5p — 0, and so Tp rcp\ = ¥j-xX\{Mp,Mp). Putting 
these together we recover the well-known result that for A finitely generated and p G 
Spec A(i), say piA^A/p^L, we have 

Tp Spec A Ext^(A/p, A/p). 

5.2.3. Upper semi-continuity. 

Proposition 5.3 ([s, Lemma 4.3]). The functions rcpj( x rep^ N which send an L- 
valued point (p, a) to the dimensions of 

HomAi. (Mp,M,), DerA'(A, HomL (Mp,M,)) or Ext^z, (Mp, M,) 

are all upper semi-continuous. 

Proof. For homomorphisms recall that we have a closed subscheme 

^^Pa{2) C repA x repA xMexd- 

The natural projection tt: rcp^j.'2^'' — > rep^ x rep^ has fibres T:~^{p, a) = HomA-R (Mp, M,). 
The result therefore follows from Corollary 2.3. 

For derivations we apply Corollary 2.3 to the closed subscheme Der(d, e) C rep^^*^ and 
the projection tt: Dcr(rf, e) — > rep^ x rep^, having fibres Tr~^{p, <t) = Dcr(p, cr). 

Finally, for extensions, Voigt's Lemma tells us that 

dim^ Ext^L (Mp, M„) = dim^ Hom^i (^^pi ^'^<t) + dim/, Der(/3, cr) — de, 
and a sum of upper semi-continuous functions is again upper semi-continuous. □ 

If K is algebraically-closed, and X C repj^ and Y C rep^ are irreducible, then AT x y is 
again irreducible. We denote by hom(A", Y) and ext(X, Y) the generic, or minimal, values 
on X X y of the functions dim^ HomAi. (Mp, M„) and dim^ Ext^Yi- (Mp, M,). 
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5.3. Jet space computations. Setting D,. L\t\/ {V^^) as usual, we see that the points 

of the jet space Tp^'' rep^ are given by algebra homomorphisms p := p+^it-\ hCr^' : A — > 

Mc((Dr); which we can also regard as the subset of rep^^^-'''(L) given by those algebra 
homomorphisms of the form 

fp{a) a (a) 6(a) ••• 6-(a)\ 
p{a) 6(a) ■•■ : 



A 



1(r+l)d 



a I— > 



p{a) 




6(a) 

6(a) 
P(a)/ 



(5.1) 



repf^ 



-.d+e 



V .-. 

Consider the direct sum morphism 

8 : GLd+e X rep5[ x rep^ — > 
and in particular the induced morphisms on jet spaces 

e : T^'-) GL,+, xTf'-) rep^ xT^^^ rep^ ^ T^^^, rep^' 

Proposition 5.4. The following are equivalent for p G rep^(L) and a G rep^(L). 

(1) d^p)rQ is surjective for all r. 

(2) d^i^^Q is surjective. 

(3) Op^^ is surjective. 

In particular, condition (4-) of Corollary 4^.11 holds true. 

Proof. (1) (2): Since 8 is separable, this follows from Proposition 3.4 (3) (2). 

(2) (3): Assume Ext^^t (A/p, A/cr) 7^ and take some ^ g Der(/9, cr) representing a 
non-split extension. Then the map 



t: A 



(I?o 



is an algebra homomorphism, so corresponds to a point in Tj^Jrep^^"^. Gn the other 
hand, it cannot lie in the image of the morphism on jet spaces. For, if it did, then ^ would 
necessarily lie in the image of the differential, and so the extension class [^] would have to 
lie in the image of Op^„, which it does not. 

(3) (1): Suppose Ext ^^t (Mp, A/g-) = = Ext^t (A'/o-, Afp) and take an clement of 
^ peer rep^ , say 



p©cr 



p 

cr 



E 



f e repf ^(7^,). 



We associate to p © cr a representation in rcpj(^^^'"'''^'^-'(L) via 



) a i-> 





Vo 



where 



^0 



and Ai 



Ar\ 



Ai 
A^J 

6 



Let be the corresponding A^-module. 

Let s > 1 and assume by induction that xi = Q = yi for 1 < i < s. We then have 
submodules U < V < N, where U is given by taking the odd-numbered rows and columns 
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up to 2s — 1, and for V we take additionally the second and (2s + l)-st rows and columns, 
but reordered so that these appear last. Thus U and V correspond respectively to the 
representations 







(p 6 • 


• 6-1 





6\ 




















and V O 




■■ a 















p 





a 


V 


p J 








a 








\ 






pI 



Clearly U ^ V with quotient V/U corresponding to the representation 

Mr 



, SO the 



.0 P. 

natural extension — s- Ma V/U — > Mp — > lies in Ext t (Afp, A/g-)- Since this is zero 
we know from Lemma 5.2 that Xg = 7p — (77 for some 7 G Mexd(i)- 

An analogous argument yields S £ M.dxe{L) such that = Sa — pS. Finally, conjugating 
'0 (S^ 



by 1- 



7 



Q , e GL(i_|-e(-C'r) yields another representation in rep^^'^(£'r), but now with 



Xi = = yi for all i < s. 

By induction we see that p © cr G rcp^^'^(£'r) is conjugate to a representation of the form 
p(B a, where p £ rep^(£'r) and a e rep^(£'r). Thus the map dp^aQ'-^^ is surjective. □ 

5.3.1. Relationship to Massey products. We note that the condition on algebra ho- 
momorphisms given by (5.1) is reminiscent of the condition that the r-fold Massey product 
contains zero, which we now recall. 

Let Mi be a family of A-^-modules and rji £ Ext^L (M^+i, A/^) a family of extensions. 
Choose representations : A — > EndL(Mi) corresponding to Mi and derivations ^i £ 

^Pi 6 
,0 Pt+i^ 

7'-fold Massey product (771, . . . ,rjr) contains zero if and only if there is a representation of 
the form 

( pi{a) ^i(a) * 



Der(pi-)_i, Pi) corresponding to iji, so 



is a representation. We say that the 



P2{a) 6(«) 



V 



Pr{a) 




a (a) 
Pr+i{a)J 



As a special case let 77 = [^] be the extension class coming from ^ S Tprep^. Then 
^ S Tp ^ rep^ implies that there exists an algebra homomorphism as in (5.1), and so the 
r-fold Massey product (?/, ■ • • ,7/) contains zero. 

In [12, IV §2 Exercise 3 (f)] it is falsely claimed that the tangent cone of Spec A at a 
point p G Spec j4(L) is given by those extensions 77 G Ext^i:,(Afp, Afp) such that, for all r, 
the r-fold Massey product (7/, • • • ,7;) contains zero. 

If p: A K has kernel m, then 

Tp Spec .4 = HomK(m/m^^^) Ext^(A/m, ^/m) 

and the tangent cone TCp Spec A is given by the if- valued points of Spec ( 0,, m''/m''+^) , 
viewed as a quotient of the ring of functions on Tp Spec A. The claim would be that the 
tangent cone equals 

{77 G Ext^(A/m, A/m) : G (77, . . . , 77) for all r}. 
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This is easily seen to fail, for example by considering the cuspidal cubic at the origin, so 

A = K[X, Y]/{X^ - Y^), p:A^K, p{X) = p{Y) = 0, m - (X, Y). 
Then 0^m7m''+i K[X,Y]/{Y^), so 

Tp Spec yl = and TCp Spec A = {(x, 0) : a; e X}. 
{x,y) G Tp Spec ^4 corresponds to the class ?/ of the extension with middle 



A 



UK), X^ 



A point ^ 
term 

'0 a; 
^0 

We can lift this to a four-dimensional module 

'^O X X2 X4\ 

A^MiiK), " " " 



Y ^ 



Y ^ 



X X2 
X X3 

X 

yo / 

if and only if a; = y = (just compute the image of X'^ - 
G V, V) if and only if ^ = (0, 0). 

Keeping with the same algebra A = K[X,Y]/{X^ — Y^) 

by 













o) 






/o 


y 


2/2 


2/4\ 








2/ 


2/3 











2/ 


Vo 








0/ 



Y"^). We therefore see that 
consider p g rep^(i^) given 



A 



2{K), X^ 



Then Tp rep^ consists of pairs of matrices 
Voigt's Lemma is given by 

Spi M2(A-) ->Tprepi, 



1 




Xi X2 

a;4 



Y ^ 








2/1 2/2 

2/3 2/4 



— c a — d 
c 



and the map (5p from 








We can also compute 



rep^ 



Xi 





X2 
X4 



2/1 

2/3 



2/2 

-2/1 



2/1 + 2/22/3 = 



7f(3) 



whereas rep}^ is the union of 



Xl 





2^2 
X4 



and 



2/1 2/2 
2/3 2/4 



Xl 





2/? 



a;2 



2/22/3 =0, (2/2,2/3) ^ (0,0) 








5.4. Irreducible components. The following two theorems were originally proved by 
Crawley-Boevey and Schroer, but using slightly different methods. We remark that the 
restriction to algebraically-closed fields is just to ensure that the direct product of two 
irreducible schemes is again irreducible. 

Theorem 5.5 ([ ]). Let A be a finitely-generated algebra over an algebraically-closed field 
K . Let X C rep^ and Y C rep^ be irreducible components. Then the closure X (BY of the 
image o/GL^+e xX xY is an irreducible component o/rep^^*^ if and only if ext(X,Y) = 
= ext(r,X). 



Proof. We have shown that the direct sum map 



9: GL 



d+e X repA X repA^ 



repf^ 



satisfies the conditions of Corollary 4.11, and that Op^^r is surjective if and only if Ext^^^t (Mp, Ma) 
= Ext^t (Mcr, Mp) ~ 0. Thus X (BY is an irreducible component if and only if 6'p,cr is 
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surjective on an open dense subset oi X x Y, which is if and only if ext{X, Y) ^ ~ 
ext(y,X). □ 

Wc call an irreducible component X C rep^ generically indecomposable provided that 
X contains a dense open subset, all of whose points correspond to indecomposable A- 
modules. 

Theorem 5.6 {[^]). Every irreducible component X C rep^ can be written uniquely (up to 
reordering) as a direct sum X = Xi © • • • © X„ of generically indecomposable components 
X, C rep J . 

Proof. If X is not generically indecomposable, then X lies in the union of the closed sets 
rep^ ® rep^"*^ for < e < d, and hence for some e and some irreducible components 
Xi C rep^ and X2 C rep^"*^ we can write X ^ Xi By Noetherian induction 

we see that every irreducible component can be written as a direct sum of generically 
indecomposable components. 

Suppose now that X = Xi @ ■ ■ ■ ® Xm = © • • ■ © i^n , where Xi and Yj arc generically 
indecomposable components in some schemes of representations. Then on an open dense 
subset U C X every representation can be written as p = piffi - • -©Pm = ui©- ■ -©crn, where 
Pi G Xi and aj G Yj are indecomposable representations. By the KruU-Remak-Schmidt 
Theorem we deduce that m = n and, after reordering, pi = ai. Thus Xi,Yi C rep^ and 
Pi G Xi OYi. On the other hand, the projection GL^ xXi x • • ■ x X„ — > Xi is an open 
map, so Xi n Yi contains an open set. Thus Xi = Yi. □ 

5.4.1. Orbits and irreducible components. We know that if p G Tcpj^{K), then its 
orbit OrbGLd(p) is an irreducible, smooth subschcme of repy[, and the morphism GL^ — > 
OrbcLrf (p) is smooth, afhnc and separable, and in particular a universal geometric quotient 
for the action of AutA{Mp). 

In general it is not easy to describe the i?- valued points of the orbit: a priori we know 
that a G rep^(i?) lies in the orbit if and only if there exists a finitely- presented and 
faithfully- flat i?-algebra S and g G GLd{S) such that a ~ g ■ p^ . In particular, GLd{L) 
acts transitively on OrbcL^ for all algebraically closed fields L. 

In fact we can do better. 

Lemma 5.7. Lef p G rcp^(A'). If D,. ~ L[[t]]/ {t^^^ ) for some field L and some r & [0,oo], 
then the morphism GLfi(D,.) — > OrbcL^ (p)(£'r) is onto. 

Proof. Consider first the case r = 0, so D,- = L. Let cr G OrbGLd(p)(i) and let = Z 
be the algebraic closure of L. We know that GLd{F) acts transitively on OrbcL^ so 
that = as modules over A^. Now let N be any A^-module. Then Houiaf {M^,N^) = 
IIomAi'(AfCT,7V)^, so that diniL HoniAi- (M^, A^) = dinu HomAi. (il/^, A^). It then follows 
by [2] that = as A^-modules, so there exists g G GLc;(i) such that a ~ g ■ p'" . 

Next, by Proposition 2.13, the morphism Tg^"^ GL^ — !• Tg^l OrbGLi(/o) is surjective for 
all r G [1,00] and all g in an open dense subset of Ghd. Using the group structure of 
GLd we see that this necessarily holds on all of GL^, and we have just shown that every 
a G OrbGLd(p)(i) is of the form g ■ p^ for some g G GLrf(L). This proves that the 
morphism G\^d{Dr) C)rbGLd(p)(£'r) is always onto. □ 

Using Lemma 3.5 we recover the well-known sufficient criterion for an orbit closure to 
be an irreducible component. 

Lemma 5.8. Let p G rcp5[(if). If ¥jyii\{Mp,Mp) = 0, then OrbGLd(p) is an irreducible 
component of repA . 

Proof. Using Voigt's Lemma our condition on p implies that the differential Ti GL^ — > 
Tp repA is surjective, whence Tg GL^ — > Tg.p rcpA is surjective for all g, so OrbGL^ {p) is an 
irreducible component of repA by Lemma 3.5. □ 
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5.5. A refinement to dimension vectors. We begin with some notation which will 
also be useful in the next section. Recall that there is a closed subscheme rank<s C Mexd 
given by 

rank<s(_R) {/ G Mexd{R) ■ all s minors vanish}. 

Its complement rank>s is the union of the distinguished open subschemes given by invert- 
ing the s minors, so a matrix / G Mexd(^) lies in rank>s(i?) precisely when the s minors 
of / generate the unit ideal in R. Note that if i? is a local ring, then we can simplify this 
to 

rank>s(i?) {/ G M.exd{R) ■ at least one s minor of / is invertible}. 

The scheme of matrices of rank precisely s is the subscheme 

ranks rank<s fl rank>s C Mpxd- 

Consider now a complete set of orthogonal idempotents e* G A, so e*e^ = Sije'^ and 
= 1. Given a decomposition, or dimension vector, d' = {d},...,d") and setting 
d ~ X^i'^'i ^® '^^^ regard matrices in Wld{R) as being in block form according to this 
dimension vector. Write Ei for the block diagonal matrix having the identity Ij^i in block 
and zeros elsewhere. We define the closed subscheme rep^ = Oii'cPA of rcp^ by 

repf (i?) := {p G repi(i?) : p(e') = E, for all i}, 

the locally-closed subscheme C rep^ by 

Yf{R) := {p G rep^ : p(e') G rankd,(i?) for all i}, 

and the closed subgroup GL^- := Hi GL^i < GL^ by taking the block-diagonal matrices. 
Observe that the action of GL^ on rcp^ restricts to an action of GL^- on rcpj^ . 
The following is a slight generalisation of results in [.■), 11]. 

Theorem 5.9. (1) TheVf are both open and closed subschemes o/rep^, and rcp^ — 
IJd' disjoint union over all decompositions d' of d. 

(2) If A ^ K"^ and the e* are the standard basis, then = GL^ / GL^- is a homo- 
geneous space, so is smooth and irreducible. 

(3) More generally, the subscheme Y^ is isomorphic to the associated fibration GLd x'~^^<'' rep^ . 

Given a A^-module M, we may therefore define the dimension vector of M to be 
dim M = d' , where M = Mp for some p G rep^ (L). 

The proof of the theorem uses the following lemma, which although easy to prove, does 
not seem to be well-known. Given an ordered partition / = (/i, . . . , 7^) of {1, . . . , d}, we 
say that cr G S'd is an /-shuffle provided it preserves the ordering of the elements in each 
h- 

Lemma 5.10. For matrices Mi, . . . , A/„ G Md{R) we have 

det(A/i + ■ • ■ + il/„) = J2 sgn(a)A7,,(/,)(Mi) • • • A/„,(/„) (Af„), 

I.cr 

where the sum is taken over all ordered partitions I — (/i, . . . , /„) of {1, . . . , cZ} and all 
I -shuffles a. 

In particular, when n = 2 we can write this as 

det(M + 7V)= E (-l)*^+^'^+-+'"+^"A,j(Af)Azcje(iV), 

0<a<d 7={ii,....i„} 

where I'^ denotes the complement of I. 
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Proof. The first formula follows easily by induction, once we have proved the case for 
n = 2. Consider now the second formula. Since both sides are polynomial functions and 
M.d is irreducible, it is enough to prove this when N is invertible. In this case we have 

det(Af + iV) = dct{MN-^ + U) det(iV) = X! XI ^niMN^^) det(iV). 

o \I\=a 

Using the Cauchy-Binet Formula (see for example [4, Equation(16)]) we can write this as 
det{M + N)=Y^ Aij{M)Aji{N-'^)dct{N). 

a |/| = |,/|=a 

Finally, using Jacobi's Identity [4, Equation (12)] we have 

where >5'(/) = X^ie/ *• This proves the second formula. 

Now let / — {ii, . . . , ia} and /"^ = {i'l, . . . , assumed to be in increasing order, 

and similarly for J. Let a be the corresponding shuffie, so that cr(it) ~ jt and cr(ij) ~ j[. 
Clearly a = ajaj , where cri{t) = it for 1 < t < a and (T/(a -\- 1) ^ i[ for 1 < t < d — a. 
Using the formula 

sgn(a) = (-1)"-M, inv(a) |{(j,j) : z < j, a(») > 

we see that 

inv(CT/) = \{{i,i') elxr:i'<i}\=: S{I) - 

and hence that 

sgn((7) = sgn(a7)sgn(aj) = (_i)S(/)+s(J)^ 

Thus the two formulae agree in the case n = 2. □ 

We observe that writing a matrix M = {rriij) as the sum M — j niijEij, where the 
Eij are the usual elementary matrices, one recovers the well-known Leibniz Formula 

det(A/) = ^ sgn(CT)77Zi^(i)m2<^(2) • ■ -mdaid)- 

Proposition 5.11. The open suhscheme 

Y^'^'iR) := {p e rep^(i?) : p{e') £ rank>d.(i?) for all i} 
and the closed suhscheme 

Y^''\r) {p e repl(i?) : p(e') G rank<<,,(i?) for all i}, 
coincide, and both are equal to Y^ . Moreover, rep^ = Yld' ■ 

Proof. Since the Y^'^ are open subschemes, by looking at L-valued points for fields L we 
can prove that the Y^'' are disjoint, that they cover rep^, and that Y^"^ C Y^'' is a 
closed subscheme. To prove that we have equality, take p G Y^"^ (R). Then p{e^) ^ fi G 

rank<(ji(i?) and J2i fi ~ 1- Applying the previous lemma to det(/i H shows that 

we can write 1 as a linear combination of terms of the form Yli ^iicr{ii){fi) where |/i | = d\ 
It follows that for each i, the minors of fi generate the unit ideal, so p G Y^'' (R). □ 

Proof of Theorem 5.9. (1) This follows immediately from the proposition above. 

(2) We have A = K" , so rep^ = Spec/C. This consists of the unique representation p 
such that /o(e') = Ei for all i. We also have the corresponding orbit map tt: GL^ Y^ , 
9^ 9-P- 

Let L be an algebraically-closed field and a G Y^ (L). The matrices cr(e*) form a 
complete set of orthogonal idempotents; in particular they commute, so are simultaneously 
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diagonalisable. It follows that there exists g e GLd{L) such that ga{e^)g ^ = Ei, so 
g ■ <7 = and hence (L) = OrbGL^ (p)(i)- Since the orbit is smooth and irreducible, 
we deduce that OrbGLd(p) (^a )^.^^- 

It is easy to see that if G Yf (L), then EndL- (Ma) = Hi (L). On the other hand, 
A = iC" is a semisimple algebra, so all extension groups vanish. Thus by Voigt's Lemma 

dimT<,y^" ^2 _ ^ dimGLd -dimGLd- = dim OrbcL^Cp). 

i 

This proves that 1^ is smooth, so equals OrbcLd (p) — GLd / GL^- . 

(3) The idempotents induce an algebra homomorphism — >■ A, and hence a mor- 
phism rep^ — rep^„. In terms of representations, this is just restriction of scalars. This 
restricts to a morphism q: Y^ —5- Y^„ = GL^ / GLd- ■ In particular, for p e rep^(i?) we 
have p 6 rep^ (R) if and only if q{p) = p^ . We therefore obtain a commutative diagram 

GLdXrepf Yf 

GLd 

where (j){g, p) :^ g ■ p is constant on GL^- -orbits and 7r(g) = g ■ p. It is easy to check that 
this is a pull-back diagram, and hence Y^ = GLd x'^^''' rep^ by Lemma 4.5. □ 

5.5.1. Examples. Well-known examples of this situation are when we take A = KQ/I to 
be a quotient of the path algebra of a quiver, and take e* to be the (images of the) trivial 
paths in Q, so giving a complete set of primitive idempotents in A. We can also apply 
this to the tensor algebra A (E)k KQ, where we now use the idempotents e' in KQ to get 
idempotents 1 (g) e* in A (^k KQ. 

Since we will also need this later, we introduce the quiver Q„ to be the linearly oriented 
quiver of Dynkin type A„ , so that Q„ : 1 ^ 2 ^ ■ ■ ■ ^ n and the path algebra KQn is 
isomorphic to the subalgebra of upper-triangular matrices inside M„(if). We define A(n) 
to be the tensor algebra A (E)k KQn, so isomorphic to the subalgebra of upper-triangular 
matrices inside M„(A), and F = A" is the subalgebra of diagonal matrices. 

Observe that a A(?i)-module can be thought of as a sequence — > — > ■ ■ ■ > 

J7" in the category of A-modules, which we can write as a pair {U',f'). Thus fixing a 
dimension vector d' corresponds to fixing the dimensions dim ?7' = and we have a closed 
immersion 

repl'(„) C ]^repf x [|Mrf.+ixd., 

i i 

where 

rcpf(„)(i?) = {(p-, /•) : /V' = P'+V for aU i}. 
Note that the projection 

71": rep^(„) ^ H^'^Pa 

i 

has fibres 7r^^(p") = ■ HomAH( Afpi, Mpi+i). 

We remark that both Theorem 5.5 and Theorem 5.6 can be refined to the case when we 
consider dimension vectors (with respect to some complete set of orthogonal idempotents), 
as can Lemma 5.8. 

In fact, since rep^ = Y^ , the set of irreducible components of rep^ is the union of 
the sets of irreducible components of the Y^ . On the other hand, consider the morphism 
GLd X rep^ Y^ . All fibres are isomorphic to GL^- , so are irreducible of the same 
dimension. It follows that the preimage of an irreducible subset of Y^ is again irreducible 
(c.f. [16, Theorem 11.14]). We obtain in this manner a bijection between the irreducible 



IRREDUCIBLE COMPONENTS OF QUIVER GRASSMANNIANS 



33 



GLrf-invariant subsets of and the irreducible GL^;- -invariant subsets of rep^ . Since 
each irreducible component is invariant under the group action, this restricts to a bijection 
between the irreducible components of and of rep^ . 

6. SUBSCHEMES DETERMINED BY HOMOMORPHISMS 

We can generalise the previous result to subschemes parameterising those representa- 
tions having a fixed number of homomorphisms to a predetermined module. Examples of 
this situation will be given at the end of the section. 

We keep the same assumptions that is a perfect field and A := K{xi, . . . , Xm) /I is a 
finitely-generated algebra. 

6.1. Schemes of modules determined by homomorphisms. Fix a representation 
T g rep^(/'ir) and write M = Mr- For any iC-algebra R we thus obtain the representation 
e rep^(i?) and the corresponding A^-module = M t^K R- Recall that 

rep^'j2"^(i?) = {(p,tT,0) G repl(ii') x repX(i?) x M„xd(i?) : (t>p - 
Thus the construction 

^ev%]{R) = {{p, a, cp) G repi'^(,";(i?) : a = r^] 

^ {{p, 4>) e repi(i?) X M„xd(ii') : 0P = t^0} 

defines a closed subscheme of rcp^'^^'^^'' , and the natural projection tt: repj^'^^'J^^ — rcp^ is 
of finite type. Moreover, for p G repy[(i?) we have ^^^{p) = Yioxn/^n {Mp,M^). Hence by 
Proposition 5.3 we have a locally-closed subset Xd.u C rep^ such that for any field L 

XdAL) ■■= {p e rep^(i) : dimL HomAi, {Mp, M^) = u}. 

In order to provide Xd^u with the structure of a scheme we will use instead the following 
description. Given p G rep^(i?) we obtain a linear map 

$(p): M„xd(i?) ^ M„xd(i?)^, ^ {^p, - T,0), 

which we regard as a matrix $(p) G M^dnN y,dn{R) ■ The coefficients of this matrix are 
polynomials of degree at most one in the coefficients of p, and hence we get a linear 
morphism of schemes 

$ : rep^ ^ Md„jvxd«, P ^ $(/o). 

We set Xd.u to be the preimage of the subscheme rank^n-u C M.dnNy.dn- 

It is clear that the action of GL^ on repy[ restricts to an action on Xd^u- Moreover, the 
direct sum map induces a morphism 

e : GLrf+e >^Xd,u X Xe^u Xd+e,u+v, (Si P,Cr) ^ 9 ' [P® Cr)- 

To see this, we regard matrices in M.nx{d+e) in block form. Then for p G rcp^(i?) and 
<J G rep^(i?) we have 

$(p©a)((/),V) = {{(t)p^-n(j),i^(J,-na)) = ($(p)((/)),$(a)(V^)). 

Thus 4>(p © a) and <f>(p) © ^'(ct) are equivalent matrices, so have the same rank. 

In the notation of Corollary 4.11 we have the smooth, connected groups G = GL^+e 
and H = GL^ x GLg, acting on the schemes Y = Xd+e,u+v and X = Xd,u x X^^v, and 
conditions (1) and (2) again both hold. 
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6.2. Jet spaces. 



Lemma 6.1. Let p e Xd.u{L) and p :~ p + Tlii^i^^ ^ rep^(Dr); where as usual Dr 
L[t]/{V^^). Then p £ Xd^uiDr) if and only if the corresponding representation 



(p a 

p 



6 



p 





6 
pj 



lies in X(r+i)d.(T+i)u[L)- 

Proof. The idea is to relate the ranks of the two matrices 

$(p) e MdnNKdn{Dr) and $(p) G M(,,+ i)d„jvx(r+l)dn(i)- 

We know that has rank s :~ dn ~ u, so we can find invertible matrices P and Q 
such that 

'1, 0^ 



P$(p)Q = No 







where Is is the identity matrix of size s. 

Since Xtj^u is a fibre product of rep^ and rank^, we know that p € Xd^u{Dr) if and only 
if all s + 1 minors of the matrix $(/5) vanish, and (since Dr is local) at least one s minor 
is invertible. Next, $ is linear, so we can write $(jo) = ^i{p) — with $i homogeneous 
of degree 1. Thus $(p + ^.^ ^^^0 = Hp) + Set 



C, D, 



and write A := X]i>i ^'^"^ similarly for B, C and D. Then 
P^{p)Q = P$(p + ^ )Q = ^0 + ^ iV^i'^ = 



1, + A B 



As A''o has rank s it is enough to ask that all s + 1 minors of the matrix X)i>o -^i^^ vanish. 
Now, Is + A is an invertible matrix, with inverse Is + Z say, where Z = Zit^. We 
obtain that 



Is 

~C lu 



Is + Z 

In 



Is+A B 
C D 



Is {Is + Z)B 
D-C{ls + Z)B)' 



and so all s + 1 minors vanish if and only if = C(ls + Z)B. 

On the other hand, consider the representation p. In this case we have the map 



$: rcp\ ' 
sending an (r + l)-tuple of matrices 



%r+l)dnN x(r+l)dm 

00, 01, ... , 0r) to {(jypi 



equivalent to the following block matrix, with each block belonging to 

(Hp) \ 

Hp)= $1(^2) $1(^1) ■■. ■•. ; 



Ti0). Thus $(p) is 

■dnN xdn 



V*l(Cr) 



<i>(p) 
$1(6) <^{P)J 
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Multiplying on the left by a matrix having copies of P on the diagonal, and on the right 
by a matrix having copies of Q on the diagonal, we obtain the matrix 



/No 


■•■ 


■■■ 0\ 


Ni 


No ■■• 




N2 


TVi ■■. 








No 




... N2 


TVi NoJ 



Next, using the decomposition of each Ni into a block matrix and rearranging, we get that 
'If. , 

C Dj 



$(/5) is equivalent to 



A. 



and similarly for B, C* and D. Thus 



-{r+l)s 





l(r+l)ti 







1 





(r+l)u 



A2 Ai 0/ 



l(r+l)s+^ B 

C D 



l(r+l)s 





D 



(l(r+l)s + Z)B 
- Cmr+l)s + Z)B 



Wc conclude that all [r + l)s + 1 minors vanish if and only \i D = (7(1(^+1)^ + Z)B. 
Finally, since D = C{ls + Z)B if and only if £> = C{l(r+i)s + Z)B, the resuh follows. □ 

Note that, for r = 1, the lemma implies that 

TpXd,u ~ X2d,2u{L) n Tp rep^, 

where we have used the identification of Tp rcp^ with a subset of rep^''(L). This gives 

TpXd,„ = Der2„(/0,/9) := {C £ Dcr(p, p) : dimHoniAi. (Af^, A/^) = 2u}. 

More generally, given p G Xd.u{L) and a G Xe,i,(£), set 

Der„+i,(p, a) := {£, G Der(/9, a) : dimHomA^t (M^, M^) = u + v}, 

and let Eu+v{p,cr) C Ext^L (Mp, Af^r) be the image of Der„+.„(/ci, ct). 

6.2.1. Voigt's Lemma. We begin with the following analogue of Voigt's Lemma. 

Lemma 6.2. Let p G Xd^u{L) and a G X(,^v{L). Then Der„_|_t,(/9, cr) C Der(p, cr) is a 
subspace, and we have an exact sequence 



— >■ HomAi,(Afp,M<,) 



0. 



A/„ 



0. 



Proof. For each ^ G Der(p, a) we have a short exact sequence — s> Ma — > A/^ 
Applying HomAi(— , Af^) and comparing dimensions we see that ^ G Dctu+v{p,<^) if and 
only if, for every A^-homomorphism </) : Afo- — > , there exists an L-linear map ip : Mp — > 
such that cj)^ = rtp — ^pp, so lies in the image of It is now clear that Deru+„(/9, cr) 

is a subspace of Der(p, ct). Moreover, it contains the image of 6p^a, since if ^ = 7p — 0-7, 
then given (j): we can take -0 '■= 4>1- D 
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We next want to investigate how these maps interact with the direct sum morphism. 
For this we wiU need the fohowing easy lemma. 

Lemma 6.3. Set dimHomA(X, M) — x and dimHomA(i^, M) = y. Let N be any module 
filtered by a copies of X and b copies of Y (so N has a filtration with precisely these 
subquotients in some order). Then dimHomA(Af, M ) < ax + by. Moreover, if we have 
equality for N , then we have equality for all submodules of U < N such that both U and 
N/U are filtered by copies of X and Y . 

Proof. Suppose we have a short exact sequence 0— i-A^i— >iV— >iV2— >0 such that Ni 
is fihered by copies of X and bi copies of Y , so that a = ai + a2 and 6 = 61+62. 
By induction on dimension we know that dimHomA(A^i, M) < OiX + biy, and since 
dimHomA(A^, ^/) < dimHomA(Afi, A/) +dim HomA(^2, we get the result for N. Con- 
versely, if we have equality for N , then we must also have equality for both A'^i and iV2. □ 



Lemma 6.4. Let p G Xd^u{L) and a e Xe_v{L). Then the standard decomposition 

Tp0cr rep A^"^ = Der(p, p) x Der(cr, ct) x Der(p, ct) x Der((T, p) 
restricts to a decomposition 

Tpg)„Xd+e,u+v = Der2„(p,/3) X Der2i, (CT,cr) x Der„+„ (p, cr) x Dcr„+„(CT, p), 
which in turn induces a decomposition of the extension groups 

E2{u+v)iP®o;p®a) =E2u{p,p) x E2v{<7,<y) x £'„+,„ (p, cr) x Eu+v{cr,p). 

Proof. By comparing dimensions of homomorphisms to AI^ it is clear that each factor on 
the right is a subspace of the tangent space Tpgo-^d+e.ti+ti- Conversely, suppose we have a 

tangent vector f = (^^^ : so the module N := Me corresponds to the representation 

V?21 422/ 



fp 







ei2\ 





a 


61 


C22 








P 





Vo 











Let U < < be the submodules corresponding to the subrepresentations given by the 
first row and column, respectively the first three rows and columns. Then V/U corresponds 

to the representation ^^p^ ' isomorphic to M^^-^ , and since U, V/U, N/V arc all fil- 
tered by copies of Mp and Mcr, we can apply Lemma 6.3 to deduce that dim/, HomA^ (V/U, AI) = 
u-\- V. Thus ^21 G T)cvu+v{pi f) as required. The other cases are entirely analogous. □ 



In the notation of Corollary 4.11, 

Nx,p®<y = E2u{p,p) X E2v{(J,Cf) 

and 

Ny.ptSc - E2(u+v) {p®cr,P®(j) 

= E2u{p,p) X E2v{cr,a) x Eu+v{p,cr) x £'„+„ (ct, p) . 

Moreover, the map 0p.a-' Nx,p®cr Ny^p^a- induced by the differential dp^a-Q is just the 
canonical embedding. It follows that condition (3) of the corollary is also satisfied, so O 
is separable. Moreover, 9p^a is surjective if and only if Eu+v{p,cr) = = Eu+v{o;p)- 
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6.2.2. Upper semi-continuity. 

Lemma 6.5. The function on Xd^uXX^^v sending an L -valued point {p, a) to diuiL Eu+v{p,<^) 
is upper semi-continuous. 

Proof. Consider the scheme Der„_|_t,((i, e) := Der((i, e) n X(i+e,u+v together with the pro- 
jection TT to rep^ X rep^. The fibre over a point (p, a) G Xd.u{L) x Xe.v{L) is Der„+^(p, cr), 
so we can apply Corollary 2.3 to deduce that the function (p, cr) ^-7■ dim^ Der„_|_„ (p, ct) is 
upper semi-continuous on Xd.u x Xf..v By the analogue of Voigt's Lemma, Lemma 6.2, 

diniL Eu+v{p, cr) = dimi HomA^ {Mp, M^) + dimL Der„+„(p, cr) - de, 

so this function is also upper semi-continuous. □ 

As before, if K is algebraically closed and X C Xd^u and Y C Xe.u are irreducible, then 
we write eu+v{X,Y) for the generic, or minimal, value of dim^ -E'm+u(p, cr) for (p, cr) S 
{X X Y){L). 

6.2.3. Surjectivity of the differential. Consider the direct sum morphism 

0: Ghd+e 'XXd^u X Xe^v > Xd -\-e,u-\-v 

and in particular the induced morphisms on jet spaces 

Proposition 6.6. The following are equivalent for p G rep^(L) and a G rep^(L). 

(1) d^p lS is surjective for all r. 

(2) is surjective. 

(3) Opu is surjective. 

In particular, condition (4-) of Corollary 4^.11 holds true. 

Proof. (1) =^ (2): Since 8 is separable, this follows from Proposition 3.4 (3) =^ (2). 

(2) ^ (3) : As before, if ^ G Der„+i,(p, cr) induces a non-split extension, then (p ® cr) + 
£,t G Tp'^lXd+e.u+v but is not in the image of d'^p^Q. 

(3) => (1) : We keep the same notation as in the proof of Proposition 5.4, so we are 
given a representation p © cr G Xd+e,u+v(,Dr), corresponding to a module A''. Note that 
dimHomA-L (A^, M^) = (r-t-l)(u-f v) by Lemma 6.1. We can again consider the submodules 
U < V , and observe that [/, V/U and N/V are all filtered by copies of Mp and M„. 
Next apply Lemma 6.3 to deduce that dimHomAt (V^/J7, M^) = u + w, so the extension 
— )■ Ma V/U Mp — >• lies in i?„+„(p, cr). Now apply the analogue of Voigt's 
Lemma, Lemma 6.2, and induction to deduce as before that p © cr is conjugate to some 
p © CT with p G rep^(I?r) and a G rep^(I?,.). Using Lemma 6.3 once more we conclude 
that p G Xd^ii{Dr) and a G Xf,^v{Dr), proving that dp_aQ^^^ is surjective. □ 

6.3. Irreducible Components. We can now state the analogues of Theorems 5.5 and 
5.6 for the schemes Xd^u- After making the obvious changes, the proofs go through exactly 
as before. 

Theorem 6.7. Let K he an algebraically-closed field, A a finitely- generated K-algehra, 
and T G rep^(Ar). Let X C Xd^u md Y C X^^.^, be irreducible components. Then the 
closure X (BY of the image of GL^+e xX xY is an irreducible component of Xd+e,u-{-v if 
and only if eu+v{X,Y) = = e„+„(y, X). 

Theorem 6.8. Every irreducible component X C Xd.u can be written uniquely (up to 
reordering) as a direct sum X = Xi © • ■ • © Xn of generically indecomposable components 
Xi C Xdi^u, , where d = J2idi and w = . 

We observe that both of these theorems can again be refined to the case when we 
consider dimension vectors (with respect to some complete set of orthogonal idempotents). 
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6.3.1. Remarks. There is an analogous result whereby one considers the covariant functor 
HomA(A/i-, — ), and hence obtains a scheme X'^ By taking intersections, one can consider 
subschemes given by fixing the dimensions of the homomorphism spaces to and from fixed 
sets of modules. 

As an example, if A is finite dimensional, then we can take a complete set of inde- 
composable projective modules, say Pi = Ae' where the form a complete set of or- 
thogonal idempotents. Fixing the dimensions (T of HomA(Pi,— ) we recover the scheme 
Yf =GLdxGL^- repf. 

Alternatively, fix a projective resolution •■•—!> —> ^ S* ^ for a simple S, 
say with syzygies n\ Then Ext;;^+^(5, M) = if and only if dimHomA(rj'' © M) = 

dimHomA(P'', M). Thus by fixing these dimensions for each simple we obtain a stratifi- 
cation of the subscheme of modules having a fixed projective dimension. 

On the other hand, taking representatives of the preprojective and preinjective inde- 
composables (up to a suitably large dimension), and fixing the dimensions of the homomor- 
phism spaces to the preprojectives and from the preinjectives, one can consider subschemes 
parameterising modules with a prescribed preprojective and preinjective component. For 
representation-finite algebras, this recovers the stratification of repy[ into GL^-orbits. 

Now suppose that A = KQ is the path algebra of a quiver Q without oriented cycles, 

so that A is finite dimensional. Each module M has a standard resolution ^ Pi -"^^ 
Po — > A/ — > 0. If the Eulcr form vanishes, so ( dim M. d' ) = 0, then dim HomA(Po, A^) — 
dimHomA(Pi, N) for all modules N of dimension vector d' . The semi-invariant cm is then 
the morphism repA —^A^,Ni-^ det HomA(^j\/, A^). Note that cm{N) = if and only if 
HomA(Af, A^) ^ 0, so has a stratification by the schemes X'^. „ for it > 1. One is often 
interested in studying the zero set of all homogeneous semi- invariants of non-zero weight, 
and this again has a stratification by intersections of such schemes. 



7. Grassmannians of submodules 

Our next application is to Grassmannians of submodules, which are projective schemes 
parameterising the d-dimensional submodules of a fixed A-module. 

Again, K will denote a perfect field and A = K {xi, . . . , xn) / 1 a finitely-generated 
/•C-algebra. 

7.1. Grassmannians. Let A/ be an m-dimensional vector space over AT. Then the Grass- 
mannian of d-dimcnsional subspaces of M is the projective scheme given by 

Gi'K ^ ^ ^ (^^) {P-module direct summands U < of rank d}. 

If now M = Mr for some representation r S rep^(A'), then the Grassmannian of d- 
dimensional submodules of M is the closed subscheme given by 

GrA (^^^) (P) := {U e Gtk (^^^) (P) : r^(C/) C u}. 

As usual we have written for the corresponding representation in rep^(P). 

It will be useful to consider the following construction of the Grassmannian as a geo- 
metric quotient. Recall that we have the open subscheme of iVIi^ X d §lV6n V18, 

mmxdiR) ■= rankd(P) 

= {/ e M.mxd{R) '■ the d minors of / generate the unit ideal in P}. 

In particular, if P is local, then / G injmxd(^) if ^^'^ only if some d minor of / is invertible. 
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The free GL^ action on M.„ixd, idif) ^ 9 ■ f fd ^, restricts to an action on this 
open subscheme, and the map 

71": inj„xd ^ Gr^ (^^^^ ^ ^ ^ 

is a principal GL^-bundlc. Thus Gri^- (^^^) ^ injmxd/ GL^ is isomorphic to the quotient 
faisceau, by Lemma 4.6, so in particular is a universal geometric quotient. 

Explicitly, let J C {1, . . . , m} be a subset of size d. Identifying AI = A'™, let Vj < 
be the subspace spanned by the basis elements for i ^ J . Then the Grassmannian 
Gvk {"2) = (^7) is covered by the open subschemes Wj, having as i?- valued points 
those U such that U ^ i?™. Next observe that 7r~^{Uj) = D{Aj), the distinguished 

open subscheme given by the minor Aj. To see that tt is trivial over Uj let aj : M,„xd — ^ 
M.d be the trivial vector bundle given by restricting to the rows indexed by J, so that 
^j{f) ~ det(aj(/)). Define Uj C Mmxd by taking those / such that aj{f) = Id is the 
identity matrix. Then there is an isomorphism 

GLdXUj^D{Aj), {gj)^fg-^ 

with inverse / i-t- {ctj{f)~^ , faj{f)~^). This induces an isomorphism Uj ^ Uj; the 
inverse sends U to the matrix with columns Uj for j € J, where Cj = {uj,Vj) £ U (BVj. 

Note also that Uj = Uj ^ ^{m-d)xd is an affine scheme. For, let a'j: M,„xd — > 
yi[m-d)xd be the trivial vector bundle given by taking the rows not in J, and having zero 
section a. Also, write E for the matrix such that aj{E) = \d and Oi'j{E) = 0. Then we 
have the isomorphism M(^^_d)xd —^Uj, f ^ E + a'j{f). 

We can emulate this construction for the Grassmannian of d-dimensional submodules 
of M as follows. Recall the scheme 

repi';'™'(i?) := e repl(i?) x repX'(i?) x M,„xd(i?) : fp = af} 

and its closed subscheme 

Wj^l^^iR) {ip,aj) G repi^^^^-^'^li?) : a = r«} - {{pj) : fp ^ r^f}. 

We can therefore consider the open subscheme rep inj^^'J^'' of repj^^'J^' given by 

repinj^'|2'')^(i?) {(/?,/) £ lep^^'^^ (R) : / G inj„xd(^)}- 
We will often abuse notation and simply write rep inj^'''^^'' instead of rep inj^j.'Jj''. 
Lemma 7.1. The map 

l: repinj^'*'*^^ inj„xd: (P> /) ^ /: 

is a closed immersion. 

Proof. Since / is injective, there is at most one p such that (p, /) 6 repinj^'*^^. Such 
a p exists if and only if the composite C(/)t/ — 0, where C(/) is any cokernel for /. 
Locally we can choose cokernels as follows. Given J C {1, . . . , m} of size d we have the 
minor Aj and the trivial vector bundle aj : Mmxd described above. We also have 

a J : Mmxd ^{7n-d)xd given by taking the rows not in J. Dually we have trivial vector 
bundles M(,„_d)xm '^{m-d)xd and M(,„_rf)xm -> ^m-d by taking the columns in J, 
respectively the columns not in J, so let /3j and /3j be the respective zero sections. Then 

C{f): D{Aj) ^ M(,„_,)x™, / ^ /^jU) - /3jK(/)a,/(./)-^), 

is a morphism of schemes such that C(/) is a cokernel for /. We may therefore define 
a closed subscheme Vj C D(Aj) by requiring that C{f)Tf = 0. Then the morphism 
t: repinj^'*^' — > inj„jxd restricts to an isomorphism t~^(£)(Aj)) ^ Vj. Since the D(Aj) 
cover inj^xdi the result follows from ['*, I §2 Corollary 4.9]. □ 
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The group GL^ again acts freely via g ■ {p, /) -.^ {g ■ g ■ f) ^ [gpg ^Jg i) and the 
morphism i is GL^-equi variant. Using Lemma 4.7 we conclude that the morphism 

TT : rep inj^'^'*^' Gia (^^^^ , {p, 9) ^^ Im(/) 

is again a principal GL^-bundle. 

7.2. Principal bundles. The aim of this section is to relate the direct sum morphism for 
Grassmannians to the direct sum morphism for the schemes repinj^'''^^'', which are easier 
to work with when computing jet spaces. In fact we will show that one of these direct 
sum morphisms satisfies the conditions of Corollary 4.11 if and only the other does, and 
that they both induce the same maps Ox- 
We have the group scheme 

G = Gi X G2 = GLd+e X AutA(Af © N) 

acting on the scheme 

Y = repmj^Y 

and the closed subgroup 

H = HiX (GLd X GLe) x (AutA(A/) x AutA(/^)) 

acting on the closed subscheme 

V ■ ■{d,M) . .(e,N) 

X = repmj]^ x repmj]^ 

Note that the closed immersion X ^ Y is just the restriction of the closed immersion for 
A(2)-representations 

(d.m) (e.n) (rf+e.m+n) 

rcpk(2) rcpX(2) -> rep\(2) ■ 
described earlier, but using the refinement to dimension vectors. Similarly the action of 
G on y is the restriction of the action of 



GL((i_|_p — GL(i+e X GL,„_|_„ 



on Tep^j^^^'™^"\ and the direct sum morphism for A(2)-representations restricts to a 
morphism 

Q: G X X ^Y. 

It follows immediately that this morphism satisfies conditions (1) and (2) of Corollary 4.11. 
We also have the principal bundles 

ny-.Y ^ Y Gi = GrA 

\ d+ t 

and 

nx-.X^ X/Hj = GrA (^^^) x GrA (^^ 

We therefore get an induced action of G2 on Y/Gi, and an action of H2 on X/Gi. More- 
over, since principal bundles are quotients in the category of faisceaux. Lemma 4.6, the 
iJi-invariant morphism X Y/Gi induces a morphism i: X/Hi YjG\^ which is 

again a closed immersion. 

To see this let J C {1, . . . , m + n} be any subset of size d + e and write J = Ji U J2 
where Ji = J fl {1, . . . , m}. If J\ is not of size d, then l~^{Uj) = 0. If, on the other hand, 
Ji has size d, then l~^{Uj) = Uj^ x Uj^. Writing these as affine schemes, we obtain the 
morphism M(,n~d)y.d x ^(n-e)xe M(„,_rf+„_e)x(d+e) givcu by taking the block diagonal 
matrices, which we know is a closed immersion. Thus t is a closed immersion by [O, I §2 
Corollary 4.9]. 

The direct sum morphism induces a morphism 

9: G2 X X/Hi Y/Gi, 
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SO a morphism 

9: AutA(M © iV) X Gia (^^^^ x Gia (^^^ ^ Gta )• 

This again satifies conditions (1) and (2) of Corollary 4.11. To see this, note that the 
projection Hi x H2 ^ H2 induces a group isomorphism Stahnix) — > Stab//^ (7rx(a;)) for 
each X £ X{L), so (1) holds. (It is injective, since if (/ii, /12), (/I'l, both fix x, then 
h^^h'^ fixes /12 • x, whence hi = /ij. It is surjective, since if /12 fixes Trx{x), then /i2 • a; 
maps to TTxix), so h2 ■ x = h^^ ■ x for some hi £ Hi, whence (/ii,/i2) fixes x.) For (2) 
we just need to observe that there is a bijection between the iJ2-orbits on X/Hi and the 
iJ-orbits on X. 

As for the third and fourth conditions, we observe that for all x e X{L) and all r G [1, cxd] 
the morphism 

is surjective, with fibres the orbits under the action of the group T^^^Hi (viewed as a 
subgroup of Hi{Dr)). This follows from the local triviality of ttx together with the fact 
that Dr is a local ring. 

When r = 1 we deduce that there is an exact commutative diagram (of vector spaces 
over L) 

> TiHi > TiH > T1H2 > 

II 1 1 

> TiHi > T,X > T^^(.,){X/Hi) > 

so the Snake Lemma yields the isomorphism Nx.x ~ Nx/Hi,-nx{x)- Similarly Ny,x — 
Ny/Gi.-ity{x)^ so we can identify the two linear maps 

Ox'- Nx,x -> Ny,x and Ox'. Nx/Hi,-kx(x) Ny/Gi,-ky{x)- 

On the other hand, when r = 00, we have the commutative square 

t[^^G X Ti°°'A > tI°°^G2 X Tl'^l^iX/Hi) 

and the left-hand map is surjective if and only if the right-hand map is surjective. 

For, the upper and lower maps arc both surjective, so if the left-hand map is surjective, 
so too is the right-hand map. Conversely, suppose the right-hand map is surjective and 
consider y G Tx°°^Y . By assumption we can find (g, x) e tI'^^G X ri°°^X such that y and 
(g, x) are sent to the same element of t'^^^^^{Y j Gi). Thus 5 • .t G T^f^^Y and y have the 

same image, so y = gig ■ x for some gi G t[°°^ Gi. It follows that {gig, x) is sent to y, and 
so the left-hand map is surjective. 

This proves that the morphism 8: G2 x X/Hi — !> Y/Gi satisfies conditions (3) and (4) 
of Corollary 4.11 if and only if the morphism <d: G y. X ^ Y does. In other words, we 
can work with either the direct sum morphism for Grassmannians 

8 : AutA(M e N) x GrA (^^) x GrA (^) ^ GrA ® f ) , 

or for the subschemes of A(2)-rcprcsentations 

8: GU+e X AutA(M © TV) x repinji^'*') xrepinji^'^^^ ^ repinji''+^^*'®'^'. 
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7.3. Jet spaces. We need to compute the jet spaces of repinjj^''^^^ By definition, given 



(p, /) G iepmi^j^'^^\L), the jet space T^p'j-^ repinj^"'^"'' consists of those pairs (p, /), where 
P + ELi Cit' G rcpfiDr) and f = f + 0^*' e inj„x^(Dr), such that fp = t^J . 

As usual we may identify p with the representation p G rep^^^'''^(L) given by 

(p a 6 •■• a\ 



.(ci,M) 



6 



p/ 



If we therefore define 



Og 

(d,M) 



llmx(r+l)d 



then it is clear that (p, /) G T^^^^^j rep inj^'^"'' if and only if p G icp^^^^^'^ [L) and / G 

Hom^i, (Afp, A/^), which we can write as (p,/) G rcphom^''^^^-''''^^''(L). 
In particular, when r = 1 we have the tangent space 

T(pj)repinjf ) ={(e,<^) GDcr(p,p) xM„,>,d(L) : f £. ^ T^t4> - M ■ 
Observe that, as expected, since / is injective the derivation ^ is uniquely determined by 

The action of GL^ on repinj^'^^"* induces the following action of Ti GL^ = Md(L) on 
T(p,/)repinj('^'^^) 

Mrf(i) X r(pj) repinjf''^^^) ^ T^^j-^ rep inj^'^'^^' 

7 • (C, 4>) {i + lP- PI, <l>- f !) = {£.+ Sph), (f) - fj)- 
More generally, recall our earlier results, but applied to the algebra A(2) and using the 
refinement to dimension vectors. Thus, given (p, p',/) G rep^^'^''(i) and {a,a',g) G 
rep^^'2)^(L), we considered the vector space Dcr ((p, p', /), (cr, cr', g)) consisting of triples 
: 4>) such that 



.0 P 

which we can also write as 



p' 



g 
/ 



C7. 



eGDcr(p,a), e Dcr(p', a'), + 0p = a 
The additive group M.exd{L) x M„xni(i) acted via 

(7, 7') • (e, e,^) ■■={( + SpAl),C + Sp',a' + I'f - 37) , 

and from this we constructed the long exact sequence for Voigt's Lemma 
^HomA^(2) ((pp',/),(CT,f7',.g)) ^ M^xdW x M„x™(L) 

Der ((p, p', /), (a, a', g)) ^ Ext^.^^) ((p, p', /), (a, a', g)) 0. 

In the current situation we are fixing the representations p' := rj^ and a' := Tj^, so we 
restrict to the subspace 

Di?((p,/),(a,.g)) := : (C,0,</)) G Der ((p, /), (a, r^, g)) } . 

Accordingly we also take the subgroup 

Mexd(i) X IIomAL(A/-^,iV-^) < Mexd(i) X (L). 
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Clearly T(^pj) rep injj^'^^'' = Der((p, /), (p, /)) , so this construction specialises to the tan- 
gent spaces. 

7.3.1. Voigt's Lemma. We can now state the analogue of Voigt's Lemma. 

Lemma 7.2. Let {p, f) G rep injlY*'^^' (i) and {a,g) £ repinjj^'^'^^(i). Then we have an 
exact sequence 

HomAi.(2) ((p, ri>, /), (a, T^, 5)) ^ Mexd(i) x HoniAi. (M^, iV^) 
— s> Der((p,/), (cr,g)) — > Ext^i,(2) {{p,T^i , f), {<7,t^ , g)) . 
Proof. Consider the commutative square 

Mexd(i) X End^L{M^,N^) > D^((p, /), (a, g)) 



Mexd(i) X M„x„(L) ^ Der((p,T|„/),(a,4,g)) 

where the vertical maps are injectivc. The kernel of the lower arrow is HomAi (2) ((p, Tm i /) > i'^i 
which is contained in M^xdiL) x End\L{AI^ , N^), so it is also the kernel of the upper 
arrow. The composite morphism 

Mex<i(L) X EndA. (A/^, 7V^) -> Ext],. ((p, rf,, /), (a, Tj^,^)) 

is necessarily zero, so suppose we have </>) G Der((/9, /), (cr, g)) mapping to zero in the 
extension group. We know that this comes from an element of Mexd(-^) x M.mxn{L), so 

Since S^l^ r^il') = we know that 7' G HomAt (Af-^, A^^), finishing the proof. □ 

We can transfer this result to Grassmannians by taking the quotient modulo the action 
of Mexd{L). 

Lemma 7.3. Let(a,g) G rcpinjJ^'^^(L), say with cokernel {a , g) , and let (p, f) G rcpinjj^'*^-* 
Then the morphism 

De?((p,/),(CT,.9)) ^ HomAi,(A/p,Afs), (C, </>) ^ g(f>, 

is a quotient for the M.exdiL) action. In particular, when {p, f) — (fiS) we recover the 
usual isomorphism 

Tu GrA (^^^^ = HomA^ {U, A/^/C/). 

Proof. We have g£^ + (pp ^ T^cf), so using gg ~ and gr^ = ag we get g(l)p = gr^cj) = (Jgcfi, 
whence gc/j G HomA-f- {Mp, Mg). Note also that there is an exact commutative diagram 






> Ma - 


> A/5 


^ Mp — 


> 

















> M, - 




^ A/ff — 


— > 0. 



Thus, given cj) : Mp Mg, we can form the pull-back as above to obtain (^, 0) G Der((p, /), (cr. 
Finally, if {£,',(!>') also satisfies gcj)' = gcj), then there exists a unique 7 G Mexd{L) such 
that (j)' = (f) ~ g-f. It follows that g£^' = g{^ + 5p,cr(7)), so the injectivity of g gives 
{Ci 4>') = 1 ' {^7 4>)- This proves that the map 

D^((p, /), {a, g)) ^ HoniAL {Mp, Mg), (C, 0) ^ 5^, 

is a quotient for the M.exd{L) action. □ 
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Given U e GrA(^/)(L), we write U' := {U C M^) for the corresponding A^(2)- 
representation. For convenience we also identify := {M^ = M^). It follows that 
M-^ /U' = [M^ /U — !■ 0). The analogue of Voigt's Lemma for Grassmannians can now be 
stated as follows. 

Corollary 7.4. Given U G GrA and V G GrA {^){L), we have an exact sequence 

— > HomAi.(2)(C/", V^") — > HomAi.(Af^,7V^) 

Y{omj^L{U,N^ /V) Ext\r,^^){U-,V), 

which we may identify with the exact sequence 

HomA.(2)([/-, ^^•) HomA.(2)(f/-,^'^) 

HomA. (2) (U-^N'^/V)^ Exti.(2) {U\V) 

given by applying HomAi(2)(f/', — ) to the short exact sequence 

— >V — > — > N^/V — > 0. 

Proof. The first sequence follows from Lemma 7.2, noting that the map 

HomAi,(2)(C/*,T^") ^ }lomj^L{M^,N^) 

is still injective (since g: V ^ is injective). We remark that the map from HomA-t {U, /V) 
to the extension group is given by first forming the pull-back diagram as above to get an 
extension of U by V , together with a morphism (g, 0) : i? — > A^-^, and then observing 
that this fits into an exact commutative diagram 

> V > > U > 



1' 



.0 f, 

> > © > > 0, 

which we regard as an extension of A^(2)-modules. □ 

It is now clear that these maps interact well with the direct sum morphism. More 
precisely, the closed immersion 

gives rise to the embedding of tangent spaces 

T^GrA^xT^GrAn^WGrAp^^^f 



corresponding to the standard embedding 
HomAi.(?7,il/^/C/) X HomAi-(V,iV'^/y) 



HomAL {U ® V, (M^/U) © (N^/V)), 



or cquivalcntly the embedding 

HomAL(2)(f/-,Af^/C/-) X llom^^^2)iV,N''/V) 

^HomAL(2)(C/- ®y,Af^/C/- ©TV-^/y). 
This is compatible with the actions of the endomorphism groups 

EndA^ (M^) X EndAi. (N^) EndA^ [M^ © N^), 
and so we see that the map Ojjy is just the restriction of the standard embedding 
Exti.(2)(t/", C^") X Exti.(2)(^", ^ Exti.(2)(C/- (BV\U-®V). 
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It follows that this is always injective, so condition (3) of Corollary 4.11 holds and the 
direct sum morphism Q is separable. 

We will write Ext(C/', V') for the image of the map 

Romj^L{U,N^/V) ^ Extjvi.(2)(C/",l^"). 

Observe that this consists of those extension classes which are pull-backs along a morphism 
U -)■ N^/V. Moreover, Ext(f7' ®V',U' ®V) decomposes as 

E^{U-,U-) X ^{V,V) X EE{U\V) X F^{V,U-), 

= Ext{V' , [/■). In terms of extensions 



so 9u,v is surjective if and only if Ext([/', V) 
this says that every pull-back 







V 



E 



V 



- 

gives rise to a split extension of A^(2)-modules 
> V — E 

{%) 

> N"^ > © 

and similarly for every pull-back of 



U 



N^/V 







0, 



1» 



U 

f 



-> 



0, 



M^/U 



along some V — !> /U. 

Note that this is a stronger condition than just saying that the pull-back of A^-modules 
is split. For, the first pull-back is split as a sequence of A^-modules if and only if there 
exists some s G llom/^L{U, E) such that bs = 1, in which case (j)s G Homy^^i, ([/, A^^), 
whereas the second diagram is split as a sequence of A^(2)-modules if and only if we can 
find such an s with the additional property that (ps = 7/ for some 7 G Hom^L (M^, A^^). 

More generally we have the following result. 

Lemma 7.5. The forgetful functor mod A{2) — > mod A given by taking only the first terms 
induces a map 

Extii,(2) {U-,V) ^Ext\r.{U,V). 

This sends Ext(J7',y) to Ext(J7, V^), the space of extensions which are pull-backs along 
some U — > /V , and has kernel isomorphic to the cokernel of 

HoniAi [U, V) X HomAi- (Af ^, A^-^) HomAi- (t/, A^-^), (a, p) ^ ga + /?/. 

Proof. Consider the exact commutative diagram 







HomAi.(A/^,^^) 



HomAL([/, A^-^/F) 



C 







RonijyL{U,N^/V) > y 0. 



The vertical map on the left has kernel HomAi.(2) {U' , V') and cokernel Ext(J7', V'). Sim- 
ilarly the vertical map in the middle has kernel HomA-t {U, V) and cokernel Ext(J7, V). By 
the Snake Lemma the map Ext([/', V') Ext(C/, V) is surjective with kernel F equal to 
the cokernel of HomA^ {U, V) C. Since this latter map factors through HomA^ (C/, A^^), 
we can express F as the cokernel of HomA-c (/7, V) x HomA-t {M^,N^) — > HomA-f- {U, N^) 
as claimed. □ 
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7.3.2. Upper semi-continuity. 
Lemma 7.6. The function 

Hp, /), g)) ^ dinii EH(Im(/) * , Im(5) •) 

. .(d,M) . .(e.N) 

IS upper semi- continuous on rcpinj]^ x rcpinj]^ . 
Similarly the functions sending (U, V) to either 

diniL HomAi(2)(t/', 1^') or diiriL Ext(J7', F' ) 

are both upper semi- continuous on GrA (^^) x GrA (^) . 

Proof. Consider the closed subscheme Der((i, e) C rep inj^^^'^'^®*^'' having i?- valued points 
those pairs of the form 

(o p)'(o 
This comes with a projection map 

T^; — /J \ ■ -(d^M) . .(e,N) 

n: Dcr(d, e) — >^ repinj)^ x rcpinj}^ 

sending such a pair above to [{p, f), {a, g)) . The fibre of tt over an L-valued point 
((p, /), (cr, g)) is isomorphic to Der((p, /), (cr, g)) , so the function 

((P, /), (o-, g)) ^ dinu Dct((p, /), (ct, g)) 
is upper semi-continuous by Corollary 2.3. By the analogue of Voigt's Lemma we have 

dimLExt(Im(/)",Im(.g)*) = dimL Dcr((p, /), (cr, g)) - de 

- dimi HomAi. (M^, N^) + dim^ HomAi.(2) (Ini(/)* , Im(g)-), 

so the function ((p, /), (cr, g)) t-j> dim/, Ext(Im(/)',Im((7)') is also upper semi-continuous. 
For the Grassmannians we know that the sets 

{{{pJ),{<^,g)) : dimLHomAi.(2) {{p,T^j, f),{cr,T^,g)) > t} 

and 

{{ip,f),{a,g)) :dimLE^(Im(/)-,Im(g)-) >t} 

are both closed inside repinj^'*^^ x repinjj^''^''. Since they are clearly GL^ x GLg-stable, 
their images in GrA (^^) x GrA (^) are also closed. □ 

If K is algebraically closed and X C GrA (^^) and Y C GrA (^) are irreducible, then 
we write cxt{X,Y) for the generic, or minimal, value of dim^ Ext(J7' , 1/') for {U,V) G 
iXxY){L). 

We remark that it is possible to work directly with the Grassmannians; that is, there 
are schemes W and Z, together with morphisms to GrA (^^) x GrA (^) such that the fibres 
over an L- valued point {U,V) arc HomAi (2) (C^', 1^') and Ilomf^L{U, /V) respectively. 
It follows that the functions sending {U,V) to the dimension of HomAt(2) (C/' , 1^') and 
HomA-L ([/, iV^/y) are both upper semi-continuous on GrA (^^) x GrA (^), and hence so 
too is the function sending {U, V) to 

dimLEJt(C/*,y) = diniL Rom^L{U, /V) 

- diniL HomA-L ( A/^ ,N^) + dim l HomAi. (2) (C/' , y ) . 
In fact we even have a commutative square 

Uer(a, ej > repmj)^ 'xrepmj]^ 



GrA (-) X GrA (^) 



IRREDUCIBLE COMPONENTS OF QUIVER GRASSMANNIANS 



47 



where the left-hand morphism is a principal bundle for the natural action of the parabolic 
subgroup PeM < GLe+d having zeros in the bottom left d x e block. 

To see this, we observe that the tautological bundle TZ on Gtk (^^) is isomorphic to the 
associated fibration inj^^d x'^'^'^M^xi, and so its dual is isomorphic to the associated fibra- 
tion inj^j^j^ x'^^'^Mixd- In particular there is a principal GL^-bundle inj^^d xM^xi — > TZ- 
The analogous statement for the quotient bundle Q would involve surjective maps, not 
injective ones; instead we may consider the semi-direct product GL^ k A'^ (equivalently the 
subgroup of GLd+i consisting of those matrices having bottom row (0,0,..., 0, 1)) acting 
on the right on iiy^nxd xM„ixi via (/, y) • (7,-i;) := {fj,y + fix))- Then the morphsim 
injmxd xMmxi — > Q is a principal GL^ k A''-bundlc. Finally, taking the dual of the tauto- 
logical bundle on Gtk {^^) and the quotient bundle on Gtk (^) , wc can pull them back to 
obtain vector bundles on the product GrA' (^^) x Gr^^ (^^) , and then tensor them together 
to obtain the vector bundle 

TZ* ^ Q ^ Gtk { \ x Gtk 



whose fibre over an L- valued point {U, V) is Homi(C/, /V). Combining with the above 
principal bundles wc conclude that there is a principal Pe,d-bundle 

DCTK(d,e) ^ 7^* K Q 

where DevK{d, e) C inj(-„^„)x(e+d) consists of those matrices whose lower left m x e block 
is zero, so 

DerK{d,e) = (inj^xd x inj„xe) x M„xd- 

If we now restrict to Dcr((i, e) = DeTK{d,e) n repinjj(^''''''^®*^\ then this is closed and 
Fd,e-stable, so yields the required principal Pd,e-bundle Der(d, e) — > Z by Lemma 4.7. 

As for W, wc know that }iom^L^2){U' ,V') is the kernel of the map Homf^L (M^, N^) ^• 
Hom^i- {U, /V), so we can define W to be the kernel of the morphism from the trivial 
vector bundle with fibre HomA^ (M^, iV^) to Z. 



7.3.3. Surjectivity of the differential. It remains to show that condition (4) of Corollary 4.11 
holds for the direct sum morphism 

6: GU+e X AutA(Af © TV) x repinji^''^'^ xrepinji^'^^^ ^ repinji''+^^*'®'^'. 

This follows from the next proposition. 

Proposition 7.7. The following are equivalent for two points {p,f) € repinjA''^^-'(L) and 
{a,g) e repinj|^'''^^(L). 

(1) d^^^J g-^Q is surjective for all r. 

^\7j).{'^,g}'^ surjective. 
(3) S{pj),{cr,g) is surjective. 

Proof. (1) (2) : This follows from the separability of G. 

(2) ^ (3) : Set U := Im(/) and V := Im(.g). Suppose we have (C, (j)) £ Dct((p, /), (cr, g)) 
such that (Afj C © iV^) is not isomorphic to U' ® V'; that is, the image of gcj) € 
llomj^L{U,N^/V) is non-zero in Ext(C/",y). Then {{p (B a) + ^t, (/ © g) + #) lies in 

^(S<^,/e9) repinji''+''^®^^ but not in the image of d^p^ ^^^^^Q. 

(3) (1) : We again use Proposition 5.4 as a guide. Consider an element {A, $) G 
repinji''+"'*'®'^^(0, where ^ = ^^t" and $ = E» '^^t^, say 

-'-(rx --e?:). 
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and where we assume by induction that Xi,yi,ai, (3i are all zero for 1 < i < s. Regarding 

<J>) as an element oi rephom)^ 
tions 



U ^ 



p 



(L) we may construct the subrepresenta- 



and V o 



p 





cr 



6 

Xs 

p) 



together with the morphisms 



and 









a 



We conclude that {xs, Ug) 6 Der((/9, /), (cr, g)) . Now by assumption ^(p,/),(cr,g) is surjective, 
so in particular Ext(Im(/)' , Im(g)') = 0. Thus Voigt's Lemma tells us that {xs,as) = 
{5p^a{l),if - 9l) for some (7,7') G Mexd(i) x HomAi- (M^, iV-^). Thus conjugating by 
an appropriate clement of Glje+d{Dj.) x Aut^o,. (Af^"^, N^^) we may assume that a;^ and 
as both vanish. Analogously for ys and /3s, using that Ext(Im(5)' , Im(/)') = 0. □ 

7.4. Irreducible Components. We can now prove the analogues of Theorems 5.5 and 
5.6 for the Grassmannians GrA (^^). 

Theorem 7.8. Let K he algebraically closed, A a finitely- generated K-algebra, and M 
and N two K-modules. Let X C GrA (J'^) and Y C GrA (^) be irreducible components. 
Then the closure X ®Y of the image 0/ AutA(M ® N) x X x Y ^ Gta {'^a+e) ^■^ again 
an irreducible component if and only if ext{X,Y) = = ext(y, X). 

Proof. This follows from Corollary 4.11 applied to the direct sum morphism Q. □ 
Theorem 7.9. Every irreducible component of X C GrA (f'^) can be written uniquely (up 



to reordering) as X = Xi 



Xn, where M ^ Mi 



Mn and d = di 



and each Xi C GrA (^^') is an irreducible component such that for all Ui in an open dense 
subset of Xi, the corresponding K^{2)-module [Ui C M^^) is indecomposable. 



Proof. This follows by applying the arguments of the proof of Theorem 5.6 to the locally- 
closed subscheme repinjA*'*'^^ C rep^''^'^'*. In particular, by the Krull-Remak- Schmidt 
Theorem for A(2), every module of the form [U C M) is isomorphic to a direct sum 
of indecomposable representations, which are necessarily of the form {Ui C Mi) with 
C/^©,C/, and M?^©^M,. □ 

We again remark that both of these results can be refined to the case where one considers 
dimension vectors with respect to some complete set of orthogonal idempotents. 

7.5. Constructing irreducible components. Given a Grassmannian of submodules 
GrA (^) one can look at the subscheme Sp given by those submodules isomorphic to a 
given module Mp. This is irreducible, and so it is natural to ask when such a subscheme 
is dense in an irreducible component of the Grassmannian. (Compare with [21, §4] for 
related work involving certain types of flags of representations of Dynkin quivers arising 
from desingularisations.) 
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Fix T e rep™(ir) such that M = Mr- Given p e rep5[(i^), write inj^(p, r) C 
HomA(/9, t) for the open subscheme of injective homomorphisms, so a smooth and irre- 
ducible scheme. We observe that this is also the fibre over p of the projection rep inj^j^'^^^ — > 
rep^. 

Theorem 7.10. Given p G rep^(i^), the quotient faisceau 

injA(p,T)/ AutA(A/p) 

is a subscheme of Gi'a (^/) • In particular, Sp is smooth and irreducible, and the morphism 
injA(/9, t) Sp is smooth, affine and separable, and a universal geometric quotient. 

Proof. We begin by defining Sp to be the preimage of OrbGLd(p) in repinj^'*^'', so a 
GLrf-stable subscheme. We have a morphism 

0: GLd X inj^lp, r) ~y Sp, {g, f) ^ g ■ (p, f) = {gpg^^Jg^^), 

which is constant on AutA(Mp)-orbits and fits into a commutative square 

GLrf X inj A (/0,t) > Sp 

(7.1) 

GLd > OrbGLd(/5)- 

This is a pull-back diagram, since given an i?-valucd point {g, (cr, /')) in the fibre product, 
we have a ~ g ■ p^-, so that f'g S injA(p, T)(i?) and hence {g, {a, f')) is the image of 
{g,f'g). It follows from Lemma 4.5 that Sp is isomorphic to the associated fibration 
GLrfxAutA(*fp)injA(p,r). 

Next consider the principal GL^-bundle tt: repinjj^''''*^'' — > GrA (^^). Since Sp is GL^- 

stable, we can apply Lemma 4.7 to obtain a subscheme Sp C GrA (^^) such that n: Sp ^ 
Sp is again a principal GL^-bundle. 

Putting this together we have that GL^ x AutA(A/p) acts freely on GL^; x injA(/3, t) via 

(5, a) ■ {hj) ■■= {gha^^Ja^^) 

and 

Sp ^ (GLd x m]j,{pT))/{GLd x AutA(Mp)) = mij^{p,T)/ AutA{Mp). 
The other properties follow from Corollary 4.3. □ 

Corollary 7.11. Let p G rep^(i^). // Dr = L[[t]]/ {t^'^^) for some field L and some 
r G [0, c«], then the morphism mif^{p,T){Dr) Sp{Dr) is onto. In particular, 

Sp{L) = {Ue GrA {^'^^ {L):U^ M^}. 

Proof. We know that GLd(-Dr) OrbcLd (/3)(£'r) is onto by Lemma 5.7. Thus, using 
the pull-back diagram (7.1), the morphism GLd{Dr) x injA(p, T)(Dr) Sp{Dr) is onto. 
Finally, since Sp ^ iSp is a principal GL^-bundle, it is locally trivial, and hence Sp{R) — 
Sp{R) is onto for all local rings R. □ 

Lemma 7.12. Let p G rcpA(A') and suppose that there is an embedding Mp ^ M. 
If the map HomA(A/p,M) — > HomA(Mp, A//Afp) is surjective, then Sp is an irreducible 
component of Gt\ (^^) . 

In particular, this occurs whenever F,xt\{AIp, Mp) ~ 0, so when OrbGLd(p) is an irre- 
ducible component o/rep^. 

Proof. We have the morphism injA(/0, r) — > GrA (^^), having image Sp. The result there- 
fore follows immediately from Lemma 3.5. □ 
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Dually we may fix the isomorphism class of the factor module of M , obtaining a scheme 
Qp for p G rcp™^'*(/ir). This has L-valued points for a field L those U C Af^ such that 
/U = Mp . All the results of this section immediately transfer to this situation. 

7.6. Examples. It is easy to give examples where the Grassmannian of submodules is 
not reduced, even generically non-reduced. 

Let A = K[X]/{X^), so that repX(i?) ^ {p e Mn{R) : p'^ = 0}. For i = 1,2,3,4 we set 
Ti G rep\(/^) to be the matrix having ones on the upper-diagonal, and write Si for the 
corresponding (indecomposable) module. 
(1) We have 



Gl-A ( ) =Pro}iK[x,y]/{z/)), 



To see this we observe that rep inj^^''^^^ (i?) consists of those triples {p, x,y) G R'^ 



so consists of a single non-reduced point 
such that X, y generate the unit ideal in i?, p"' = 0, and 



1\ /x\ _ X 
Q)\y)-\y 

It follows that y = px, y^ = and x is invertible. Thus the closed immersion 
repinj]^' ^ — > inj2xx has image X, where 

X{R) := {{x,y) e R^ : x invertible, y"^ = 0}. 

Now apply the usual description of 

inj2^i/GLi =pi =Proj {K[x,y]). 



(2) We also have 



GrA (^^' ® = Proj {K[x, y, z]/(xz, z')) , 



so looks like with a single non-reduced point corresponding to the embedding 

To see this, we first observe that the closed immersion 
t: repmjX -> mjgxi 

has image the closed subscheme X, where 

X{R) = {{x, y, z)eR^: {x, y, zf' G inis^AR) : xz ^ z^ ^ 0}. 

For, repinj^^''^^®^^''(i?) consists of those quadruples {p,x,y,z) G i?"* such that 
x,y, z generate the unit ideal in i?, p'' = 0, and 



The latter condition is equivalent to xp = zp = and z = yp. Since x, y, z generate 
the unit ideal we deduce from xp = zp = yp^ = that p^ = 0, and hence that 
xz = z'^ = 0, so L maps to X. For the inverse note that z is nilpotcnt, so x and y 
generate the unit ideal. If ax + by = 1, then map (x, y, z) to (bz, x, y, z). This is 
well-defined, since p = bz is the unique element of R satisfying xp = and yp = z. 
Now apply the usual description of injg^j^ / GLi = = Proj [K[x, y, zfj. 

We note that we can write this Grassmannian as Xi © X2, where Xi ~ GrA [^^) 
and X2 ~ GrA {^q), both of which are (reduced) points. Setting U = M = Si, 
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V = and N = S2, we have submodules U C Si and V C S2, and the dimension 
conditions Ext{U' ,V') = = Ext(y , [/') are satisfied. For, we have 

dimHomA(L/,iV/V") = 1, dim HomA(F, Af/f/) = 

dim HomA(M, A^) = 1, dim HomA(iV, Af) = 1 

dimHomA(2)(C^', V^') =0, dimHomA(2)(V^', t^') = 1- 

(3) More interestingly we have 

GrA (^^' 2 = ^ := Pro.) s, t]/{xt - ys, s\ st, i^)) , 

so looks like P^, but generically non-reduced. 

To see this, let V C inj^^i be the preimage of V, so the closed subscheme having 
i?- valued points those quadruples (x,y,s,t) G such that x,y,t,s generate the 
unit ideal in R, and 

xt = ys, = st = = 0. 
We next construct a morphism 

F: rcpinj^^"^'®'^^^ ~> F C ini^^^^, {p, f) (xi2, X23, xia, X24), 
where Xij = Aij{f) is a 2 minor of /. 

To see that the image of F lies in V note that if 

fa b\ 



c d 

p q 
V V 



then 





r 
















fp = 










1 






1 




p 

r 


q 

s 












0^ 




[0 


0/ 



Thus 

(a,&)p = 0, {c,d)p = {p,q), {p,q)p = {r,s), {r,s)p = 0. 
To compute the minors we use the formulae 



T := Tr(p) = p + adj(p) and 
Then, for example, 

(a b' 

Xl3= ^ 



1 
-1 

1 

-1 



p'' = adj(p) 



1 
-1 



so upon substituting (p, q) ~ (c, d)p we see that X13 = X12T. Similarly 

xu = X13T, X24 = X23T, .T34 = X24:T and 2:147 = X34T = 0. 

Thus the relations for V are satisfied: 

a;i2a;24 = 2:23X13, xf^ = xi3X2i = X24 = 0. 

Now, since F{g- (p, /)) = Acl{g)~^F{p, f) for all g G GL2 we see that F induces 
a morphism 

'Si ® 53^ 

2 

We prove that this is an isomorphism by defining the inverse locally. First note 
that if (x,y,s,t) G V{R), then since s,t are nilpotent we must have that x,y 



F: GrA 



V. 
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generate the unit ideal. Thus V is covered by the distinguished open affines D{x) 
and D(y). If x is invertible, then we have a morphism 



:D{x)^ rep injf ^^®^^' , (x, y, s, t) ^ {p, /) 



where 

/ 

' 'i and / = , 
Oy s/x y 

whereas if y is invertible, then we have a morphism 



P - 



Gy-. D{y) repinjX 



(2,Si©S3) 



, (a;,y,s,i) n. (p,/) 



where 



P = 



y 

-e/y^ t/y 



and / = 



/ s/y 
1 



-x\ 


y 
\-tVy' t J 



For A e GLi(i?) = i?,^ set g 



1 
A 



e GL2(i?). Then 



Gj;(A ^{x,y,s,t)) = g ■ Gx{x,y,s,t) 

and similarly 

Gj;((A"^(x, y,s,t)) = g ■ Gy{x,y,s,t). 
Also, if both a; and y are invertible, then = = and hence 



Gxix,y,s,t) 



1 

s/.TJ/ 1 



Gy{x,y,s,t). 



It follows that the morphisms Gx , Gj, induce morphisms from open subsets of V 
to GrA ('^^f'^^), and that they glue to give a morphism G defined on all of V. 

Finally, the morphisms F and G are mutually inverse. For, it is clear that 
FGx is the identity on D{x), and similarly that FGy is the identity on D{y), so 
FG = id. On the other hand, given {p,f), if Xi2 is invertible, then there exists 
g G GL2(-R) such that 



s y 




/O -1\ 



1 



so g • (p, /) = G(l, y, s, ys). It follows that GxF{p, f)~h- (p, /), where 

1 



h :-- 



det(g)- 



1 .9- 



Similarly, if a;23 is invertible, then we can find g G GL2(-R) with g ■ {p, f) — 
Gy{x, l,xt,t), whence GyF{p,f) = h ■ {p,f), where h is again defined from g as 
above. We conclude that GF = id as well. 
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-.\ 


1 








1 




0/ 



We also observe that the Grassmannian cannot be decomposed further. For, 
over a field L, we have V{L) = {[x,y,0,0] G P'^{L)}, and when y ^ the corre- 
sponding A^(2)-representation is isomorphic to 



: 52 5*1 © 5*3, 



which is indecomposable. 
(4) Let A = KQ2 be the algebra of upper-triangular matrices in M2 (A') and use the 
standard matrix idempotents ei = En and 62 ~ £'22- Thus repj('''°'' = Mexd, 
given by the image of a = £'12. There are three indecomposable modules up 
to isomorphism: the two simples Si and 5*2 and the indecomposable projective- 
injective module T, of dimension vectors (1,0), (0, 1) and (1, 1) respectively. 

We take the representation t G rcp^'^^(A') given by the matrix , whose 

corresponding module is M = © ^2 © T, and consider submodules of dimension 
vector (1,1). Then 

repinjf ^i)'^')(i?) = {{p, /, f) e R x inj^yARf. f'P = r.f}, 
the group GL(i 1) := GLi x GLi acts via 

{g,h)-ipj,r) = ihpg-\fg-\fh-'), 

and 

M 
.(1,1). 

Writing / = (^) and /' = (^,), we see that rep inj^^^'^^''*^' (i?) consists of the 
quintuples (p, a, 6, c, d) € such that a, b generate the unit ideal, as do a', 6', and 
also 

a = a' p, b' p = 0. 

Setting 

V Spec (^K[x,y, z]/{xz)) and V Pro] (K[x,y, z]/ {xz)) , 
we can then prove as above that the morphism 

repinjj^^^'^^'*^^ ^ V, (p, a, b, a', b') ^-> (aa', &a', 66') 
induces an isomorphism 



^"^^ ( ^^\ \ ) repinjj^^'^^'^^/GL(i^i) 



Thus the Grassmannian is a union of two copies of P'^ intersecting in a point, with 
its reduced scheme structure. 

The two irreducible components can be decomposed as 



Xi®X2®X:i and yi©r2©r3, 

where 

X\ ~ Gr A ( , , I , X2 = Gr A f , ~ , I , X-i = Gv \ ( , 

\{i,o)J' V(o,i)/ V(o,o) 

and 

((«%)• ((«%)• 

all six of which are (reduced) points. 
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8. Flags of submodules 

More generally one can consider flags of A-modulcs of length r; that is, we fix a repre- 
sentation T £ rep™(7^) and a sequence d' = {d^, . . . , d' ) with < d^ < ■ ■ ■ < d^ < m and, 
writing M = Mr, consider the scheme 

FIa (^)(^) - {iU-):U'e GrA : W C 

A priori this is more general than Grassmannians, but by changing the algebra, we can 
view it as a special case. Recall that A(r) is the algebra of upper-triangular matrices inside 
Mr (A), and the elementary matrices En form a complete set of orthogonal idempotents 
such that EiiK{r)Eii = A. A module for A(r) can be regarded as a sequence {U',f'), 
where P : ^ U^~^^ is a homomorphism of A-modules. Fixing the dimension vector d' 
is then the same as fixing dim?/' = for all i. 

As for Grassmannians, we identify a A-module M with the A(r)-module having [/* = M 
and P = idi/- An clement of GrA(r) t\ms consists of a sequence U' such that 

jji ^ j^jR jg g^j^ _R- module direct summand of rank d', is a A-^-submodulc, and C ^7*+^ 
for all i. It follows that 

We can now apply all the results of the previous section to the schemes FIa i^J-) ■ In 
particular, the tangent space at a flag U' equals 

Tu- FIa Q!) = HomA.(,,)(C/-,M^/C/-), 

where /U' is the cokernel of U' ^ A/^, so is given by the sequence of epimorphisms 

M^/U^ ^ M^/U^ » M^/V. 

Note that, in the analogue of Voigt's Lemma for Grassmannians, Corollary 7.4, we 
interpreted the differential dQ of the direct sum morphism as a morphism in the long exact 
sequence for Hom in the category of A(2)-modulcs. For flags of length r this becomes a 
morphism in the long exact sequence for Hom in the category of A(r -I- l)-modules. 

More precisely, given a flag U' of length r inside Af^, we can extend this to a flag U' 
of length r -I- 1 by adjoining the inclusion ^ . Then, given U' € FIa {d^-){L) and 
V e FIa we have 

HomAi-(A'/^, A^-^) 9^ HomAi(r+i)(t/", A^-^) 

and 

HomA.(,)(t/-,Ar^/y) -HomA.(,+i)(f/-,A^^/y-), 
and hence the analogue for Voigt's Lemma becomes the following. 

Proposition 8.1. Let V G FIa (dO(^) "■'^'^ ^' ^ {^■){L). Then the map 

}lomj^L{M^,N^) }iomj^L^^){U\N^/V), 

can be indentified with the middle map in the exact sequence 

HomAL(,+i)([7', \/') ^ HomA^(,+i)([/-, A^^) 

^ HomA.(,+i)(f/',Ar^/V^') ^ Exti.(,+i)(L^-,F'). 
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When U' = V this middle map coincides with the differential of the orbit map 



^ EndAi- (,.+!)([/■) EiidAi.(M^) 



Tu- FIa ^ Exti.(,+i)(C/-,C/-). 



We again write Ext{U' ,V') ioi the image of HomAi (r){U', /V ) in ExtAL ([/" , ). 
As for Grassmannians, the function sending [V ,V') to dim^ Ext(?7', V^') is upper semi- 
continuous. If K is algebraically closed, and X C FIa (^^) and Y C FIa (^) are irre- 
ducible, then we denote by ext(X, y) the generic value of dim^ Ext(J7', V) for {U\ V') ^ 
{X X Y){L). 

We then have the following two theorems on irreducible components of flag varieties. 



and N two A-modules. Let X C FIa (^^) o,nd Y C FIa (^) be irreducible components. 
Then the closure X ®Y of the image of AutA(M ® N) x X x Y ^ FIa {"+^-) again 



Theorem 8.2. Let K be algebraically closed, A a finitely-generated K-algebra, and M 

ble CO 

^riAf*'®^ 

an irreducible component if and only if cy±{X,Y) = = cy±{Y,X). 

Theorem 8.3. Every irreducible component of X d FIa (^^) can be written uniquely (up 
to reordering) as X = Xi © ■ • ■ © where M = Mi © • • • © M„ and d' = c?{ -|- ■ • • + d^, 
and each Xi C FIa (jj-') is o,n irreducible component such that for all Ul in an open dense 
subset of Xi, the corresponding A^(r + \)-module [Ul C M/') is indecomposable. 
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